
Introduction: The isospin symmetry breaking
Take 1: The isospin-breaking potential

Take 2: The covariant derivative approach
Take 3: An isospin-broken solution

A long-standing problem: Isospin symmetry
breaking in the BPS Skyrme model

Carlos Naya Rodríguez

Departamento de Física de Partículas
Universidade de Santiago de Compostela

Solitons, (non) Integrability and Geometry V
Skyrmions - from atomic nuclei to neutron stars

June 20th, 2016 - Krakow, Poland

Carlos Naya Isospin breaking 1 / 43



Introduction: The isospin symmetry breaking
Take 1: The isospin-breaking potential

Take 2: The covariant derivative approach
Take 3: An isospin-broken solution

Index

1 Introduction: The isospin symmetry breaking

2 Take 1: The isospin-breaking potential

3 Take 2: The covariant derivative approach

4 Take 3: An isospin-broken solution

Carlos Naya Isospin breaking 2 / 43



Introduction: The isospin symmetry breaking
Take 1: The isospin-breaking potential

Take 2: The covariant derivative approach
Take 3: An isospin-broken solution

Introduction: The isospin symmetry breaking

Carlos Naya Isospin breaking 3 / 43



Introduction: The isospin symmetry breaking
Take 1: The isospin-breaking potential

Take 2: The covariant derivative approach
Take 3: An isospin-broken solution

Tony Hilton Royle Skyrme (1922-1987): Producer

Carlos Naya Isospin breaking 4 / 43



Introduction: The isospin symmetry breaking
Take 1: The isospin-breaking potential

Take 2: The covariant derivative approach
Take 3: An isospin-broken solution

EFT: The Skyrme model (as one of the most popular and successful)

Baryons as “vortices” in a mesonic fluid⇒ topological solitons,
i.e., emergent, non-perturbative objects

L = λ0L0 + λ2L2 + λ4L4︸ ︷︷ ︸
massless LSkyrme︸ ︷︷ ︸

massive LSkyrme

+λ6L6

L2 = −Tr(LµLµ), L4 = Tr([Lµ,Lν ]2), L6 = −π4BµBµ

Bµ =
1

24π2 Tr(εµνρσLνLρLσ), Lµ = U†∂µU, U ∈ SU(2) ∼= S3

Baryon number ≡ topological charge: B =
∫

d3xB0
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The BPS Skyrme model:

L06 = − λ2

242 Tr(εµνρσU†∂µUU†∂νUU†∂ρUU†∂σU)2 − µ2U(TrU)

Parametrization of the Skyrme field

U = eiξ~n·~σ = cos ξ + i sin ξ~n · ~σ ~n2 = 1

~n =
1

1 + |u|2
(
u + ū,−i(u − ū),1− |u|2

)

L06 =
λ2 sin4 ξ

(1 + |u|2)4

(
εµνρσξνuρūσ

)2 − µ2U(ξ)

C. Adam, J. Sanchez-Guillen, A. Wereszczynski, Phys. Lett. B 691, 105 (2010).
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Exact solution: the standard Skyrme potential

U = Uπ =
1
2

Tr(1− U) → U(ξ) = 1− cos ξ

With the ansatz: ξ = ξ(r ), u(θ, φ) = tan θ
2 eiBφ

Compact solution with radius
proportional to B1/3.

Energy linear in the baryon
number:

E =
64
√

2π
15
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Nuclear binding energies in the BPS Skyrme model
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C. Adam, C. Naya, J. Sanchez-Guillen, and A. Wereszczynski, Phys. Rev. Lett. 111, 232501 (2013)
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Contributions to the energy:

Collective coordinate quantization of spin ~J and isospin~I
(j and i3 = (1/2)(Z − N) known)

U(t , ~x) = A(t)U0(RB(t)~x)A†(t)

⇒ Two copies of a symmetric top in the general case.

Coulomb energies (most important for large B)

EC =
1

2ε0

∫
d3xd3x ′

ρ(~r )ρ(~r ′)
4π|~r −~r ′|

Explicit isospin breaking: Mn > Mp

⇒ E = Esol + Erot + EC + EI
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Isospin breaking:

EI = aIi3 where aI < 0 ⇔ Mn > Mp

Binding energy of nucleus X = A
Z X , N = A− Z :

EB,X = ZEp + NEn − EX

Three free parameters λ, µ,aI: fit to 3 nuclear masses

Mp = 938.272 MeV
Mn −Mp = 1.29333 MeV

M(138
56Ba) = 137.905 u where u = 931.494 MeV
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Isospin-breaking potential: Perturbative contribution to the Lagrangian

UI =
η2

4
Tr(1− τ3Uτ3U†)

Iso-rotations, U → AUA†, are no longer symmetries.

Small fluctuations of the Skyrme field U = ei~π·~τ

µ2U =
µ2

2
Tr(1− U) ≈ µ2

2
~π2

UI =
η2

4
Tr(1− τ3Uτ3U†) ≈ η2

2
(π2

1 + π2
2 − π2

3)

Mass term (L0 contribution):

⇒ µ2U + UI ≈
1
2

(µ2 + η2)(π2
1 + π2

2) +
1
2

(µ2 − η2)π2
3 4
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Semiclassical quantization

U(~r , t) = A(t)U0(R(B(t))~r )A†(t) = AURA†

Plugging into the UI potential

UI =
η2

4
Tr(1− τ3AU0A†τ3AU†0A†) = η2 sin ξ[1− (~R · ~n)2]

with Ri = R3i (A) = 1
2 Tr[τ3AτiA†], i.e. (A = a0 + iaiτi ),

R1 = 2(a0a2+a1a3), R2 = 2(a2a3−a0a1), R3 = a2
0−a2

1−a2
2+a2

3

Total contribution to the energy

UI =
4π
3

32
35
|B|λ√

2µ
η2〈N|3−R2

1−R2
2−R2

3 |N〉 =
8π
3

32
35
|B|λ√

2µ
6= UI(i3) 8
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New terms: Perturbative inclusion of Dirichlet + Isospin-breaking

L2 − UI = −αTr(LµLµ)− η2

4
Tr(1− τ3Uτ3U†)

For static solutions U0

L2 − UI = −αTr(U†0DµU0U†0DµU0)

Covariant derivative

DµU0 = ∂µU0 + i
ω

2
[τ3,U0]δµ0

with ω defined as

ω2 = − η
2

2α
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Equivalent to introduce an iso-rotated field

Ũ = TU0T † ∈ SU(2)

by the time-dependent SU(2) matrix

T =
(

ei ωt
2 0

0 e−i ωt
2

)
= cos

ωt
2

+ iτ3 sin
ωt
2

E. Rathske, Z. Phys. A 331, 499 (1988)

⇒ U†0DµU0 = Ũ†∂µŨ

Re-write the perturbative contribution

L̃2 = L2 − UI = −αTr(Ũ†∂µŨŨ†∂µŨ)

makes life easy (quantization)!
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Semiclassical quantization

Usual time-dependent rotations and iso-rotations

U0(~r )→ U(~r , t) = A(t)U0(R(B(t))~r )A†(t) = AURA†

Iso-rotations and Euler angles

A = a0 + i~a · ~τ = V3(α)V2(β)V3(γ)

Usual parametrization of the BPS part, L06.
Usual parametrization of the perturbative part, L̃2, but with a
modified A matrix

Ã = TA = V3(α + ωt)V2(β)V3(γ)

Shifted isospin velocities

Ã† ˙̃A = i( ~W + ~D) · ~τ
2

with D = ω(R1,R1,R3), Ri = R3i (A) = 1
2 Tr[τ3AτiA†]
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Perturbative contribution

L̃2 = Wi

[
− αTr(TiTj )

]
Wj + 2Wi

[
− α εjkl xk Tr(TiLl )

]
ωj

+ωi

[
− α εikl εjmn xk xmTr(LlLn)

]
ωj + Di

[
− αTr(TiTj )

]
Dj

+2Wi

[
− αTr(TiTj )

]
Dj + 2Di

[
− α εjkl xk Tr(TiLl )

]
ωj − E2.

BPS contribution

L60 = Wi

[9λ2

242 Tr(εpqr TiLqLr )Tr(εpstTjLsLt )
]
Wj

+2Wi

[18λ2

242 εjkl xk Tr(εpqr TiLqLr )Tr(εpstLlLsLt )
]
ωj

+ωi

[9λ2

242 εikl εjmn xk xmTr(εpqr LlLqLr )Tr(εpstLnLsLt )
]
ωj − E0,
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Total Lagrangian

L =
1
2
WiIijWj −WiKijωij +

1
2
ωiJijωj +WiAi + ωiBi − UI − E ,

Additional contributions

Ai = −2αDj

∫
d3xTr(TiTj )

Bi = −2αDj εikl

∫
d3xxk Tr(TjLl )

VI = αDiDj

∫
d3xTr(TiTj )

E = E0 + E2
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Moments of inertia tensors

Iij =
∫

d3x
[
−2αTr(TiTj ) +

18λ2

242 Tr(εpqr TiLqLr )Tr(εpstTjLsLt )
]

Jij = εikl εjmn xk xm

∫ [
−2αTr(LlLn) +

18λ2

242 Tr(εpqr LlLqLr )Tr(εpstLnLsLt )
]

Kij = εjkl xk

∫
d3x

[
2αTr(TiLl )−

18λ2

242 Tr(εpqr TiLqLr )Tr(εpstLlLsLt )
]
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Canonical momenta

Ki =
∂L
∂Wi

= IijWj −Kijωj + Ai Li =
∂L
∂ωi

= −WjKji + Jijωj + Bi

Hamiltonian

H = KiWi + Liωi − L = KiWi + Liωi −
1
2
WiIijWj +WiKijωj

−1
2
ωiJijωj −WiAi − ωiBi + UI + E

which after substituting the angular velocities reads

H =
1
2

3∑
i=1

[
(Li +Ki

Ki
Ii

)2

Ji −
K2

i
Ii

+
K 2

i
Ii

+
(Bi +Ki

Ai
Ii

)2

Ji −
K2

i
Ii

+
A2

i
Ii
− 1

Ii −
K2

i
Ji

KiAi

− Ki

IiJi −K2
i

KiBi −
Ki

IiJi −K2
i

LiAi −
1

Ji −
K2

i
Ii

LiBi

]
+ UI + E
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Axially symmetric ansatz:

U = cos ξ+i sin ξ~n·~τ , ξ = ξ(r ), ~n = (sin θ cos Bφ, sin θ sin Bφ, cos θ)

Additional contributions

Ai =
32
3
παωRi

∫
drr2 sin2 ξ

B1 = B2 = 0, B3 = −32π
3
αωBR3

∫
d3xr2 sin2 ξ

B = 1

Bi = −32π
3
αωRi

∫
drr2 sin2 ξ
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Moments of inertia tensors

I1 = I2 =
∫ [

32π
3
α sin2 ξ +

1 + 3n2

3r2 πλ2ξ2
r sin4 ξ

]
r2dr

I3 =
∫ [

32π
3
α sin2 ξ +

4
3r2πλ

2ξ2
r sin4 ξ

]
r2dr

J1 = J2 =
∫ [

8
3

(3 + B2)πα sin2 ξ +
4

3r2πλ
2B2ξ2

r sin4 ξ

]
r2dr

J3 = BK3 = B2I3, K1 = K2 = 0

B = 1

I1 = I2 = I3 =
∫ [

32π
3
α sin2 ξ +

4
3r2πλ

2ξ2
r sin4 ξ

]
r2dr

J1 = J2 = J3 = K1 = K2 = K3 = I1
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Canonical momenta

~K = (I1W1 + A1, I1W2 + A2, I3(W3 − Bω3) + A3)

~L = (J1ω1,J1ω2,−BI3(W3 − Bω3)− BA3)

Hamiltonian

H = E+UI+
1
2

[
~L2

J1
+

1
I1

(~K − ~A)2 +
(

1
I3
− 1
I1

)
(K3 − A3)2 − B2

J1
K 2

3

]

(~K − ~A)2 = ~K 2 + ~A2 − 2~K · ~A = ~K 2 + A2 + 2AI3

where Ai = ARi , A = 32
3 παω

∫
drr2 sin2 ξ
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Problem!

Covariant derivative ≡ Isospin chemical potential
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New potential for the BPS Skyrme model:

U =
1
2

Tr(1− U) + ε2
1
2

Tr(1− τ3Uτ3U†)
Tr(1 + U)

= 2 sin2
(
ξ

2

)(
1 + ε(1− n2

3)
)
6= U(r )

BPS equation

λ2

r2 sin4 ξξ2
r

(
iεij∇iu∇j ū
(1 + |u|2)2

)2

= µ2U

Assuming u = v (θ)eiφ

α2λ
2

r4 sin4 ξξ2
r = 2µ2 sin2

(
ξ

2

)
1
α2

(
2v vθ

sin θ(1 + v2)2

)2

= 1 + ε2(1− n2
3)
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Exact static solution for B = 1

Profile function

ξ =

 2 arccos
( r

R

)
r ∈ [0,R]

0 r ≥ R
R =

(
4
√

2αλ
µ

)1/3

Angular part

1
1 + v2 =

1
2ε

(
1 +
√

2 sin
[

1
2

(
β − π

2
+ β cos θ

)])
with

β = arcsin
(

2ε− 1√
2

)
+
π

4
, α =

β

4ε

Limit ε→ 0⇒ α = 1/2

ξ = arccos

[(
µ

2
√

2λ

)1/3

r

]
, v = tan

θ

2
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Semiclassical quantization: Please, proceed as always
Moments of inertia tensors

Iij =
λ2

2

∫
ξ2

r sin4 ξ∂lni∂lnjd3x

Jij =
λ2

4
β2

ε2

∫
1
r4 ξ

2
r sin4 ξ cos2 θ(r2δij − xixj )r2 sin θdrdθdφ

Kij = −λ
2

2

∫
ξ2

r sin4 ξεjklεdef xk∂snind∂sne∂lnf d3x

Radial integration∫
ξ2

r sin4 ξdr =
64 · 25/6

35

(
εµ

βλ

)1/3

Symmetries
I11 = I22 6= I33, J11 = J22 6= J33, K11 = K22 6= K33

I11 6= J11 6= K11, I33 = J33 = K33
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Examples for different ε

ε = 0.1

Iij = λ2
(µ
λ

)1/3

 11.122 0 0
0 11.122 0
0 0 11.1604



Jij = λ2
(µ
λ

)1/3

 11.1546 0 0
0 11.1546 0
0 0 11.1604



Kij = λ2
(µ
λ

)1/3

 11.1301 0 0
0 11.1301 0
0 0 11.1604
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Examples for different ε

ε = 0.5

Iij = λ2
(µ
λ

)1/3

 11.5889 0 0
0 11.5889 0
0 0 12.0541



Jij = λ2
(µ
λ

)1/3

 11.7519 0 0
0 11.7519 0
0 0 12.0541



Kij = λ2
(µ
λ

)1/3

 11.6282 0 0
0 11.6282 0
0 0 12.0541
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Canonical momenta

Ki =
∂L
∂Wi

⇒ ~K = (I1W1 −K1ω1, I1W2 −K1ω2, I3(W3 − ω3))

Li =
∂L
∂ωi
⇒ ~L = (J1ω1 −K1W1,J1ω2 −K1W2, I3(ω3 −W3))

Remember! Body-fixed operators!

Ii = −Rij (A)Kj , Ji = −Rij (B)T Lj

(
Rij (A) =

1
2

Tr[τiAτjA†]

)
Hamiltonian

Hrot =
1
2

 1

J1 −
K2

1
I1

[
(L1 +

K1

I1
K1)2 + (L2 +

K1

I1
K2)2

]
+

K 2
1
I1

+
K 2

2
I1

+
K 2

3

I3
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Hamiltonian 1

Hrot =
1
2

 ~L2

J1 −
K2

1
I1

+
~K 2

I1 − K1
J1

+
(

1
I3
− I1 + J1 − 2K1

I1J1 −K2
1

)
K 2

3


+

K1

I1J1 −K2
1

~L · ~K

Hamiltonian 2

Hrot =
1
2

[
K1

I1J1 −K2
1

~M2 +
I1 −K1

I1J1 −K2
1

~L2 +
J1 −K1

I1J1 −K2
1

~K 2

+
(

1
I3
− I1 + J1 − 2K1

I1J1 −K2
1

)
K 2

3

]
Grand spin

~M = ~L + ~K ⇒ ~M2 = ~L2 + ~K 2 + 2~L · ~K
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Hamiltonian 1: Calculation of the scalar product ~L · ~K

~K · ~L =
1
2

K+L− +
1
2

K−L+ + K3L3

Ladder operators

K+ = K1+i K2, K− = K1−i K2, L+ = L1+i L2, L− = L1−i L2

Action on an arbitrary state

K±|i , i3, k3〉⊗|j , j3, l3〉 =
√

i(i + 1)− k3(k3 ± 1) |i , i3, k3±1〉⊗|j , j3, l3〉

K3|i , i3, k3〉 ⊗ |j , j3, l3⊗〉 = k3|i , i3, k3〉 ⊗ |j , j3, l3〉

L±|i , i3, k3〉⊗ |j , j3, l3〉 =
√

j(j + 1)− l3(l3 ± 1) |i , i3, k3〉⊗ |j , j3, l3± 1〉

L3|i , i3, k3〉 ⊗ |j , j3, l3〉 = l3|i , i3, k3〉 ⊗ |j , j3, l3〉
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General nucleon state

|N〉 = |1/2, i3, k3〉 ⊗ |1/2, j3, l3〉

Non-vanishing actions

K+L−|1/2, i3,−1/2〉⊗|1/2, j3,1/2〉 = |1/2, i3,1/2〉⊗|1/2, j3,−1/2〉

K−L+|1/2, i3,1/2〉⊗|1/2, j3,−1/2〉 = |1/2, i3,−1/2〉⊗|1/2, j3,1/2〉

K3L3|1/2, i3, k3〉 ⊗ |1/2, j3, l3〉 = k3l3|1/2, i3, k3〉 ⊗ |1/2, j3, l3〉

Constraint k3 = −l3 is always fulfilled!

Matrix element

〈N|~K · ~L|N〉 = 〈N|K3L3|N〉 = k3l3 = −1
4

Impossible to distinguish proton from neutron!
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General nucleon state

|N〉 =
1√
2

(
|1/2, i3,1/2〉 ⊗ |1/2, j3,−1/2〉 + eiα|1/2, i3,−1/2〉 ⊗ |1/2, j3,1/2〉

)
Different actions

K+L−|N〉 =
eiα
√

2
|1/2, i3,1/2〉 ⊗ |1/2, j3,−1/2〉

K−L+|N〉 =
1√
2
|1/2, i3,−1/2〉 ⊗ |1/2, j3,1/2〉

K3L3|N〉 = −1
4
|N〉

Matrix element

〈N|~K · ~L|N〉 =
eiα

4
+

e−iα

4
− 1

4
=

1
2

cosα− 1
4

if
α = π → proton
α = 0→ neutron

}
⇒ 〈N|~K · ~L|N〉 = −i3 −

1
4
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Hamiltonian 2: Composition of grand spin ~M

~M = ~K + ~L⇒ m = 0,1

Corresponding states

|m,m3〉 ∼ |i , k3〉 ⊗ |j , l3〉

Two different states fulfilling m3 = k3 + l3 = 0

|0,0〉 =
1√
2

(|1/2,1/2〉 ⊗ |1/2,−1/2〉 − |1/2,−1/2〉 ⊗ |1/2,1/2〉)

|1,0〉 =
1√
2

(|1/2,1/2〉 ⊗ |1/2,−1/2〉 + |1/2,−1/2〉 ⊗ |1/2,1/2〉)

if
m = 0→ proton
m = 1→ neutron

}
⇒ Mn > Mp

Carlos Naya Isospin breaking 37 / 43



Introduction: The isospin symmetry breaking
Take 1: The isospin-breaking potential

Take 2: The covariant derivative approach
Take 3: An isospin-broken solution

Meeting both approaches: Equivalent states⇒ same energies

Hamiltonian 1

Hrot =
1
2

[
I1

I1J1 −K2
1

l(l + 1) +
J1

I1J2 −K2
1

k (k + 1)

+
(

1
I3
− I1 + J1 − 2K1

I1J1 −K2
1

)
k2

3

]
+

K1

I1J1 −K2
1
〈N|~K · ~L|N〉

Hamiltonian 2

Hrot =
1
2

[
K1

I1J1 −K2
1

m(m + 1) +
I1 −K1

I1J1 −K2
1

l(l + 1)

+
J1 −K1

I1J1 −K2
1

k (k + 1) +
(

1
I3
− I1 + J1 − 2K1

I1J1 −K2
1

)
k2

3

]
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Equivalence relation

m(m + 1)− j(j + 1)− i(i + 1) = 2〈N|~K · ~L|N〉 = −2i3 −
1
2

For i = j = 1/2
α = arccos[m(m + 1)− 1]

m = 0⇒ α = arccos(−1) = π → proton?

m = 1⇒ α = arccos(1) = 0→ neutron?
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Analysis:

Four different states corresponding to α = π (m = 0) and other
four states for α = 0 (m = 1); possible combinations of i3 and j3.

Proton and neutron states: Finkelstein-Rubinstein constraints
killing non-desirable states...

... but it does not seem possible: body-fixed operators.

Conclusion: the Hamiltonian does not distinguish third
components of spin and isospin⇒ Four ground states and four
excited states.

Effect of the isospin-breaking potential? To break the spherically
symmetric solitons to axial ones (related to the body-fixed
operators).
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Conclusions

Breaking of the isospin symmetry: Distinction between proton
and neutron, binding energies.

Long story: More than 4 years and three different attempts.

Perturbative isospin-breaking potential:
Constant contribution to the energy.

Covariant derivative approach:
Inclusion of isospin chemical potential (in-medium Skyrmions).
Not well-defined formalism.

Isospin-broken solution:
Exact B = 1 solution for an isospin-breaking potential.
Axially symmetric soliton instead of spherical one.
No distinction between third components of isospin.
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Please tell me and let us write the script
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