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4000
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Mass composition of the Earth

For the mass, the nucleons binding energies in nuclei are more relevant
than the electrons:

The gravity of the Earth comes mostly from the baryons, with sub-%
corrections due to nuclear interactions � the baryons matter!

(in total
about 3.6 · 1051 of them... )
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Nucleons, electrons, nuclei masses � what do we know?

The most accurate determinations of the ordinary matter

particles: the proton, electron, nuclei are obtained using the

Penning trap

The mass determined in this measurements is by analysis of

the motion of a charged particle in the electromagnetic �elds

� it is the inertial mass

The mass of the neutron � from the deuterium and radiative

capture of the neutron

fantastic experimental accuracy: mass of the proton:

1.007276466583(15)(29) atomic units (30ppt accuracy)
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The three masses

The mass may be de�ned in one of three ways:

Inertial

Gravitational Passive

Gravitational Active

Inertial equals gravitational passive: tests of the equivalence principle �
tested to 10−15 accuracy

Gravitational passive equals to gravitional active: symmetry, the IIIrd

Newton's law, also the momentum conservation
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The origin of particle masses at the electroweak scale

In the Standard Model all particles, except of the Higgs boson,

are primarily massless

Masses are given by the Higgs mechanism � massless

particles in a classical vacuum with a sponteneously broken

SUL(2)× UY (1) symmetry: fermion masses are generated by

Yukawa couplings, for the heavy gauge bosons (unstable) �

by gauge couplings

A really BIG puzzle � the mass span problem: mν ∼ 0.1 eV,

me ∼ 5 · 105 eV, mt ∼ 1.75 · 1011 eV: 12 orders of magnitude

span for fundamental parameters?
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On the origin of the baryon masses

Baryons are made of quarks...

... and gluons

Particle Data Group say:

2mu + md ' 10 MeV vs. the mass of the proton Mp ' 938 MeV

Completely di�erent from the classical and atomic scale intuitive

pictures of almost additive mass
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Scale symmetry of massless gauge theories

QED

L = −1
4
FµνF

µν + ψ̄i D̂ψ, D̂ = γµ(∂µ − ieAµ)

Fµν = ∂µAν − ∂νAµ
QCD:

e → g , ψ → ψi ∈ C3, Aµ → Aa
µT

a ∈ su(3),

Fµν → F a
µν = ∂µA

a
ν − ∂νAa

µ − gf abcAb
µA

c
ν

Rescaling:

x → x ′ = λx , ψ(x)→ λ3/2ψ(λx), A(x)→ λA(λx)

leaves the Lagrangean density unchanged.
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The traceless energy momentum tensor

Emmy Noether's theorem:

xµ → x ′µ = λxµ = xµ + εxµ,

hence the coordinate shift δµ = εxµ

For a general δµ the translational invariance leads to the conserved
(canonical) stress�energy�momentum tensor θµν . The scale symmetry
involves all coordinates, and leads to an additional conserved current:

J
µ
scale = xνθ

µν , ∂µJ
µ
scale = 0

0 = ∂µ [xνθ
µν ] = θµ ··µ + xν∂µθ

µν = 0⇒ θµµ = 0.
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Anomalous symmetry breaking

The classical symmetries not always survive in Quantum Field

Theory

If they do not, the symmetry is anomalously broken

In Yang�Mills theories the anomalies were discovered in a

pertrurbative analysis of triangle diagrams. The well known

example is the Adler�Bell�Jackiw (axial) anomaly, in the

massless gauge theory the classically conserved axial current is

anomalously broken

At a more general level, this phenomenon occurs because of

the properties of the functional measure for in�nite degrees of

freedom, related to the ultra�violet divergencies in quantum

loops
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Digression: the trace / conformal / Weyl anomalies and the
gravity

The trace anomaly was lively discussed in the 1970s. At that time
there were serious doubts whether the trace anomaly as found by D.
M. Capper, M. J. Du� and L. Halpern (1974) for CFTs on
non-trivial geometry was not an artifact of regularization

The discussion involved great physicists, including B. DeWitt,
S. Adler, F. Englert, S. Hawking, R. Kallosh, E. Fradkin and others.
Most of them were surprised by the emergence of trace anomaly.
[M. J. Du�, hep-th/9308075v1]

The path integral formulation: K. Fujikawa, Path Integral Measure

for Gauge Invariant Fermion Theories, Phys.Rev.Lett. 42 (1979)
1195, Comment on Chiral and Conformal Anomalies, Phys.Rev.Lett.
44 (1980) 1733, also Energy Momentum Tensor in Quantum Field

Theory, Phys.Rev.D 23 (1981) 226. Powerful formalism, in
particular a beautiful connection of the axial anomaly to
Atiyah�Singer index theorem
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Anomalies from the functional measure: Kazuo Fujikawa
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Trace anomaly � Fujikawa method

The fermion part of functional integration (fermion mass m included)

Z [j ,A] =

∫
dψd ψ̄ exp

[
i

∫
d4x

(
L(ψ, ψ̄,A) + j θ̃µµ

)]
, θ̃µµ =

i

2
ψ̄γµ

↔
Dµψ

ψ(x) = e−α(x)/2ψ′(x), ψ̄(x) = e−α(x)/2ψ̄′(x), α(x)� 1

∫
d4x

(
L(ψ,A) + α(x)θ̃µµ

)
=

∫
d4x

(
L(ψ′,A) + α(x)mψ̄′ψ′ + iψ̄′γµψ′∂µα

)
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Trace anomaly in QCD using Fujikawa method � path
integration over fermions

Z [j + α,A] =

∫
dψd ψ̄ exp

[
i

∫
d4xL(ψ, ψ̄,A) + (j + α)θ̃µµ

]

=

∫
dψ′d ψ̄′ J exp

[
i

∫
d4xL(ψ′, ψ̄′,A) + j θ̃µµ + αmψ̄′ψ′

]

i

∫
d4x θ̃µµα(x) = logJ + i

∫
d4xmψ̄ψα(x)

J =
[
det(e−α/2)

]−2
= lim

M→∞
expTr

∫
d4x 〈x |α exp(−D̂/M)2|x〉

Tr

∫
d4x 〈x |α exp(−D̂/M)2|x〉 =

3iM4

4π2
+

ig2

48π2
F a
µνF

aµν + . . .
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Trace anomaly � heuristic approach

The full calculation includes the path integral over Aa
µ yields

θµµ =
β(g)

2g
F a
µνF

aµν +
∑
q

mqψ̄qψq

Less formal method: rescale

Āa
µ = gAa

µ −→ ˆ̄Fµν = ∂µ
ˆ̄Aν − ∂ν ˆ̄Aµ + i

[
ˆ̄Aµ,

ˆ̄Aν
]

Lglue = − 1

4g2
Tr [ ˆ̄Fµν

ˆ̄Fµν ]

λ = 1 + δλ,
δS

δλ
=

∫
d4x

∂

∂λ

(
−1

4g2(λ)

)
Tr [ ˆ̄Fµν

ˆ̄Fµν ]

=

∫
d4x

β(g(λ))

2g(λ)
Tr [F̂µν F̂

µν ]
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Trace anomaly � dimensional regularization

The symmetric stress-energy tensor of the gluonic �elds (the trace over
color indices neglected):

Tµν = −gαβFµαF νβ +
1

4
gµν FαβF

αβ

In d dimensions:

Tµ
µ = gµνT

µν =
d − 4

4
FµνF

µν

When the operator FµνF
µν is evaluated at quantum level the ultraviolet

divergencies appear. A gauge invariant regularization is necessary e.g. the

dimensional regularisation. In this regularization the divergencies appear

as poles in ε = d − 4. At one loop d−4
4

FµνF
µν receives a prefactor

∼ β0/ε, and the renormalized Tµ
µ does not vanish.

Leszek Motyka QCD meets gravity � on quantum e�ects that attract us all



Introduction
Mass generation in QCD

Concluding remarks

Scale generation in QCD

The QCD running coupling
Con�nement scale:
QCD string tension:
σ ' 1 GeV / fm

Leszek Motyka QCD meets gravity � on quantum e�ects that attract us all



Introduction
Mass generation in QCD

Concluding remarks

Running quark masses

In perturbative approach the quark masses are subject to quantum

corrections

After renormalization they become dependent on the

renormalization scale µ, and the scale dependence is goverened by

the renormalization group equation:

µ2
dmq(µ)

dµ2
= −γ(αs(µ))mq(µ)

The anomalous dimension γ is known to four loops:

γ =
∑
n=1

γn

(
αs(µ2)

4π

)n

, γ1 = 4, γ2 =
202

3
− 20nf

9
, . . .

The masses decrease with the energy scale µ.
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The top quark mass
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Estimates of quark masses

The most convenient and safe theoretically are the running quark

masses (in a given renormalization scheme).

For light quarks u, d , s, the current estimates from the QCD lattice

in the MS scheme at µ = 2 GeV (nf = 2 + 1 + 1 simulations):

mu = 2.32(10)4MeV , md = 4.71(9)MeV , ms = 93.44(0.68)MeV .

Heavy quarks:

mc(mc) = 1.280(13) GeV , mb(mb) = 4.198(12) GeV

The top quark mass determined directly from the decay products

(close to the "pole mass")

mt = 172.9(0.4) GeV −→ mt(mt) ' 163 GeV
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Determination of quark massess
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Decomposition of QCD trace anomaly

〈P(k)|Tµν |P(k)〉 = 2kµkν , gµν〈P(k)|Tµν |P(k)〉 = 2M2

P

Tµν = −gαβFµαF νβ +
1

4
gµν FαβF

αβ︸ ︷︷ ︸
T

µν
g

+
∑
q

ψ̄qγ
(µi
↔
Dν)ψq︸ ︷︷ ︸

T
µν
q

After renormalization

Tµ
g µ =

β(gR)

2gR
(F 2)R + γRm(mψ̄ψ), Tq

µ
µ = m(ψ̄ψ)R
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Decomposition of QCD trace anomaly

Pionieering works by X. D. Ji using virial theorems, [X. D. Ji, Phys. Rev. Lett.74,
1071 (1995).32. X. D. Ji, Phys. Rev. D52, 271 (1995)].
Di�erent decomposition schemes are possible, depending on the choice of operators.

Recent analyzes: C. Lorce (2017); Y. Hatta, A. Rajan, K. Tanaka (2018); A. Metz, B.

Pasquini and S. Rodini (2020), X. D. Ji, Y. Liu, A. Schäfer (2021).

Y. Hatta et al.: separation of independent operators that mix under
renormalization:

O1 = −FµαFνα, O2 = gµνF 2,

O3 = ψ̄qγ
(µi
↔
Dν)ψq, O4 = gµν mψ̄ψ

Tµν = O1 +
O2

4
+O3

After renormalization is performed the operators mix (in a scheme

dependent way):

OR
I = ZJ

I OJ
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Proton mass composition: general picture

Schemes of proton mass decomposition are based either on T
µ
µ

or T 00 decomposition. T 00 needs to be considered in the

nucleon rest frame. Note that in T
µ
µ there are T i

i

contributions related to pressure

The distribution of contributions to the nucleon mass between

quarks and gluons is scheme dependent

In all schemes the major part of the proton mass comes from

quantum e�ects, being proportional to QCD β function or to

the quark mass anomalous dimension γ. The current quark
mass contributions are at most at few percent level.

The dominant contribution to the mass comes from the gluon

�eld energy, then from the �dressed� quark mass and quark

kinetic energy

Leszek Motyka QCD meets gravity � on quantum e�ects that attract us all



Introduction
Mass generation in QCD

Concluding remarks

QCD on the lattice

Discretization of the space-time, the �nite lattice spacing

a� 1 fm regularizes UV divergencies

Wick rotation x0 → −ix4, A0 → −iA4, iS → −SE
Real weights: path integral ∼ partition function in statistical

mechanics � Monte Carlo evaluation

Determination of masses of states: from correlation functions

of two operators that create a desired state |h〉 from the

vacuum:

〈0|O1(t)O†2(0)|0〉 = 〈0|eĤtO1(0)e−ĤtO†2(0)|0〉 =

=
∑
n

〈0|O1(0)|n〉exp(−Ent)
2En

〈n|O†2(0)|0〉
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Hadron spectrum from the lattice
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Neutron�proton mass splitting

Competition of the quark mass hierarchy and the electromagnetic
interaction energy

The neutron mass greater than the proton mass is mostly due to the

heavier down quark (+2.5 MeV), the QED contributions are about

-1 MeV. [BMW collaboration, 2015]
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Proton mass decomposition from the lattice

Lattice calculations from T 00 in the proton rest frame Yi-Bo Yang

et al., Phys. ReV. Lett. 121, 212001 (2018).

Hm � quark
mass term
Ha/4 � a
quarter of the
trace anomaly
Hg � gluon
�eld energy
HE � quark
kinetic / po-
tential energy
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Some recent and ongoing research

Gravitational formfactors of the nucleon can be de�ned with

the expectation values of the energy momentum components

in the nucleon state

The expectation values and the formfactors may be computed

using lattice QCD. Results found for mass distribution in the

proton and the pressure pro�le

Extraction of the pressure and shear forces inside the proton

from Deeply Virtual Compton Scattering data

Extraction of proton gravitational radius from the near

threshold heavy quarkonia production
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Some general open issues

Coupling of quantum e�ects to gravity by the famous:

Rµν −
1

2
Rgµν︸ ︷︷ ︸

classical

=
8πG

c4
Tµν︸︷︷︸

quantum

� in principle does not look like a problem. The Fujikawa method
allows to treat quantum �eld theory in classical gravitational
background. This has impact on the metric by expectation values of
the energy�momentum tensor in quantum states 〈P|Tµν |P〉
But what happens in quantum systems with strong gravitational
interaction? Integral over quantum �eld trajectories leads to an
integral over geometries? What happens when gravitational
non-linearities are relevant?

The zero-point (vacuum) energy: the simplest assumption is that
the vacuum energy is exactly zero. But what if e.g. we leave in a
metastable vacuum?
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Conclusions

We have good understanding of the origin of the nucleon

masses: the main source is scale invariance breaking due to

trace anomaly. It comes mostly from quantum e�ects in the

gluon �eld.

The quantum origin of the nucleon stress energy�momentum

tensor does not lead to theoretical problems when gravity is

considered � the gravitational formfactors are de�ned by

expectation values

Current theoretical and experimental developements allow to

compute and probe the gravitational properties of nucleons
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