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Sketch of physical object
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Velocity field
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Algorithm solves four above equations, additional eq. for Gk
alternatively with algebraic ,,Bernoulli” equation.

This is known as Self Consistent Field method (SCF) [hSCF].
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Rozwiqzanie startowe
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Rozwiqzanie startowe
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Warunki brzegowe
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General remarks

e mixed surface capturing/tracking scheme
@ horizon is tracked (i.e. grid aligned) via puncture scheme
@ toroid surface is captured

@ we know exact horizon location, but only approximate disk
location (up to nearest grid point)
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Physical params (G = ¢ = 1)

Q@ m,a— ,Kerr" mass & spin (m=1.0,a=0.6 i.e rs =0.4)
@ r1, r» — inner and outer torus radii (rn = 8, = 20)

© po — maximum density (po = 4 x 10~%)

Numerical parameters (Shibata defaults)

@ nr, nt — radial & angular grid size ( nr=800, nt=100)
@ r0OUT — outer grid radius (rOUT = 5700 rs)
© niter — main operator nesting depth (inaplicable)
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Tested factors related to accuracy of the final result

@ main loop iterations niter
radial grid resolution nr

angular grid resolution nt

2]

o

O size of the grid (outer radius extension)

© alignment of radial grid with torus inner and outer radii
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Remark on norms used to test convergence

Definition of absolute error

errorABS = ||f — fie|

Matrix f is any of ¢, B, q, 81, Ok, h. Reference model s is either
latest of sequence or ,,manufactured” best possible result
(hardware/memory/CPU limited, 2047x255).

Various ,norms” could be used to quantify convergence:

ERROR

10000
— L=
0.001 Mean
RMS
107 o
1 10 100 1000 10¢

Later || - [|oo norm (maximum) will be used.
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Test 1: solution behaviour with increasing niter
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Test 1: solution behaviour with increasing niter
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Test 1: solution behaviour with increasing niter
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Test 1: solution behaviour with increasing niter
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Test 1: conclusions

Delayed convergence
Increased noise level
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Test 1: visualization
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Test 1: visualizatio
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Grid resolution test methodology

Q base grid: 2k —1x 2" —1, eg.
7x3

To facilitate procedure odd-odd ( geometric for r and arithmetic
for cos @ ) grids were used:

ri=rsq, i=0..2k 6; = arccos (2™ —j)/2™, j=0..
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Grid resolution test methodology

@ doubling radial grid

To facilitate procedure odd-odd ( geometric for r and arithmetic
for cos @ ) grids were used:

ri=rsq, i=0...2% fj = arccos (2™ —j)/2M, j=0...2™
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Grid resolution test methodology

© doubling angular grid

To facilitate procedure odd-odd ( geometric for r and arithmetic
for cos @ ) grids were used:

ri=rsq, i=0...2% fj = arccos (2™ —j)/2M, j=0...2™
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Grid resolution test methodology

Q extending radial grid

To facilitate procedure odd-odd ( geometric for r and arithmetic
for cos @ ) grids were used:

ri=req, i=0...2k f; = arccos (2™ —j)/2™, j=0..
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Memory limit

1
121024 2048 4096 8192, 00

Memory limit [GB]

512]

Angular grid

256| 256

128| 128

512 1024 2048 4096 8192
Radial grid

Memory required is linear with radial grid size, but quadratic with
angular grid size.
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Test 2: doubling radial grid
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Test 2: doubling radial grid
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Test 3: doubling angular grid

{1023Gx7A, 1023Gx255A}
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Test 4: extending radial grid

{511G2x63A, 959G2x63A}
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Concerning errors

Typical absolute errors (L*)
Q radial grid nr:  1073...107°
@ angular grid nt:  107°...107
© radial grid extension: 1078...10710
@ main loop iterations: 10711, . 10°16

Main concern is radial resolution, least important - iteration count.

4

But what is the actual error of the solution?
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Ordering models according to given norm

For which one enthalpy h is more accurate compared to ,etalon”
[2047x255, 10%r,, niter=217]:

@ 959x62 with rOUT = 30000 rs
@ 2047x16 with rOUT = 300 rs

2047Gx15A 959G2x63A
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Aliasing error

Reality

Expectations

@ How convergence and model error differ between grid-aligned
and random models?

o What is optimal: increase grid size or simply align grid with ry
and rn?

A. Odrzywotek Keplerian toroids



Convergence order test

Using n-th order polynomial discrete derivatives with respect to x
we expect:

Qnum >~ Qtrue + AAX"

Qnum

0.12000g;
0.11995
0.11990; Q
0.11985

0.11980

0.11975

Q2

0.02 0.04 0.06 0.08 0.10 0.12 0.14 Ax

Denoting:
Ql = Qtrue+)\AXn, Q2 = Qtrue+)\(2AX)n7 Q4 = Qtrue+A(4AX)n

we have:
Qs — Q1
Q-

In particular, for n = 2 R = 5!

Reon = =2"+1.
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Conclusions

@ robust code working for variety of physical parameters: crashes
or divergence highly unlikely

@ initial data: zeros or other model

© grid resolution as low as 16x16 and as high as 16536x512
available on typical modern computers with 32 GB-256 GB
memory

© reasonable computational time of ~ hours/model on standard
laptop
© Kerr parameter up to at least 0.99

@ any rotation law j(€2) (demonstrated on Keplerian-Kerr
formula)

@ large unexplored potential for improvement, e.g. extrapolation,
periodic boundary in radial direction

O realistic error estimate hard: supercomputer-class ,etalon”
solution required (one/code version seems enough)
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