Quantum Mechanics III. Set 5.

Ex. 1. We assume that the one-particle non-relativistic hamiltonian H has
discrete eigenstates |n)

H|n) = E,|n), (n|m) = dum.

A set of N identical, indistinguishable particles of this type is described by

a hamiltonian H v
H=2 H,
j=1

where H; is a hamiltonian for the particle j. The eigenstates of H in the Fock
space have a form |Ny, Ny, ... Ng,...), where N, = 0,1,... is a number of
particles in the state k. The vacuum state |0) = (0,0,0,...,0,...) is defined
as a state without particles with a norm (0[|0) = 1.

A one-particle state in the eigenstate |n) = 10,0,...,1,,0...) can be obta-
ined acting with a creation aperator af |0). Defining a conjugate operator of
annihilation a, we assume that

a,|0) = 0.

Operators of creation and annihilation of one-particle states satisfy

la;, a;] = [az,a}] =0, [ai,a;] = 0;;, for bosons,

{a;,a;} = {al, a}} =0, {a, a;} = ¢;;, for fermions.

a. How can we construct an arbitrary state [Ny, Na,...Nj,...) acting
with creation operators on a vacuum state (both bosonic and fermionic
case)? States should be normalized to unity.

b. Show that both for bosons and fermions the hamiltonian is

H = Z EkCLLCLk.
k



c. Above definitions are for the Schrodinger picture, where the states of
the system depend on time and satisfy the Schrodinger equation. In the
Heisenberg picture states are time independent, but operators depend
on time. Find the form of creation and annihilation operators in the
Heisenberg picture (bosons and fermions).

Ex. 2. The wave function of a one-particle eigenstate |n) is defined by
U, (Z) = (Z[n).

In the Schrodinger picture we define a field operator

a. Show that
U, (Z) = (0|®(£)[0,0,...,1,,0,...) = (0|®(F)al |0).
b. The operator conjugate to ®(Z) is
O(F) =) Wi (&)al,.
This operator acting on a vacuum state generates a one-patrticle state
|Z) localized in the point #. Show that
for bosons [®(Z), ®(i)] =0, [®(Z),d ()] = 6O (7 - &),
for fermions {®(Z), ®()} =0, {®(Z),d'(#)} =o® (7 - 7).

c.  Show that in both cases (Z|3) = 6 (¥ — 7).
d. Assuming that in a position representation the one-particle hamiltonian

has a form

h2
H=——A T
om " V()

show that

H— / B0 (7) <—% A, +V(f)) ().



e. Find a form of ®y(z;t) in the Heisenberg picture.

f. Show that the operator in the Heisenberg picture ®p(z;t) satisfies the
Schrodinger equation

T (z7t) = —h—2A +V(Z) | Py(z;t)
] ot H\T; = om x T H\T;

Ex. 3. Find a form of a two-particle wave function (bosons and fermions)

Wiy g (1, 72) = (0|®(71) P(2)af,

T
nlang

10)-

Check the normalization.

Ex. 4. Particular case: a system contains free particles in a cubic box with
the edge L (assuming periodic boundary conditions). Write explicit form of
the field operator ®(Z) in this case. Check what happens in the limit L — oo,
when the dicrete sum over the eigenstates should be replaced by the integral.
How should we define the one-particle creation and annihilation operators
and their (anti)commutation rules?

Hint: We aim at a new normalization of the one-particle states |p) of a form

(@lp) = (2mh)°6%(7 — p)-

Why?



