
Quantum Mechanics III, set 4.

Ex. 1. Show that if the spinors wr(~p) satisfy the normalization wr(εr~p)
†wr

′
(ε′r~p) =

2Epδrr′ it follows that w̄r(~p)wr
′
(~p) = 2εrmc

2δrr′ . Here

w̄r(~p) = wr(~p)†γ0.

Calculate quantities

aµr = w̄r(~p)γµwr(~p), bµνr = w̄r(~p)σµνwr(~p), cr = w̄r(~p)γ5w
r(~p).

Ex.2. Show that if we boost the solution of the Dirac equation

Ψr
~p(x) = e−

i
~ εrmc

2twr(~p = 0)

to a reference frame x′ where the particle has momentum ~p we obtain

Ψr
~p(x)→ e−

i
~ εrpµx

′µ
wr(~p).

Determine the explicit form of the boost transformation.
Hint We need a boost in a direction ~n = ~p/|~p| with a boost parameter which
transforms mc2 to Ep.

Ex.3. The partity transformation P transforms coordinates x = {x0, x1, x2, x3}
to x̃ = {x0,−x1,−x2,−x3}. Find a form of the transformation UP such that

Ψ̃(x̃) = UPΨ(x)

which preserves a form of the Dirac equation(
i~cγµ∂µ −mc2

)
Ψ(x) = 0.

Determine how this transformation changes special solutions

Ψr
~p(x) = e−

i
~ εrpµx

µ

wr(~p).
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Ex.4. The charge conjugation transformation C transforms a spinor Ψ(x)
to ΨC(x) = UCΨ∗(x). Find a form of the transformation UC which preserves
a form of the Dirac equation. Determine how this transformation changes
special solutions

Ψr
~p(x) = e−

i
~ εrpµx

µ

wr(~p).

Note: Here ∗ means complex conjugation and not Hermitian conjugation!

Ex.5. The time inversion transformation T transforms coordinates x =
{x0, x1, x2, x3} to x′ = {−x0, x1, x2, x3}. Find a form of the transformation
UT such that

ΨT (x′) = UTΨ∗(x)

which preserves a form of the Dirac equation(
i~cγµ∂µ −mc2

)
Ψ(x) = 0.

Determine how this transformation changes special solutions

Ψr
~p(x) = e−

i
~ εrpµx

µ

wr(~p).

Ex.6. We define matrices

Λ±(p) =
±cγµpµ +mc2)

2mc2
.

Show that these matrices are projections in the space of spinors, i.e.

Λ2
+ = Λ+, Λ2

− = Λ−, Λ= · Λ− = 0.

Check the result of Λ±w
r(~p).

Show that

2mc2Λ+(p) =
∑
r=1,2

wr(~p)w̄r(~p) =
∑
±s

u(p, s)ū(p, s),

2mc2Λ−(p) = −
∑
r=3,4

wr(~p)w̄r(~p) = −
∑
±s

v(p, s)v̄(p, s).

We define matrices

Σ(±s) =
±γ5γµsµ + 1

2
.

Check that these matrices commute with Λ±(p) and express the products
2mc2Λ±(p)Σ(±s) through direct products u(p, s)ū(p, s) and v(p, s)v̄(p, s).
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