Quantum Mechanics III, set 3.

Ex. 1. Repeat the properties of the Pauli matrices o;, i = 1,2, 3:

- -

0,0; = 0y + i€ijuon, (F-@)(F-D) =a-b+1id - (@ x b)

Ex. 2. Start with the Dirac equation in the form:

ihd, U = (—ich(o? - v) + Bmc® + V(r)) v

Show that

a)

This equation can be interpreted as describing interaction of the elec-
tron with the electromagnetic field (0, — D,) in the case A(x) =
0, V(r) =eAp(r)

Show that the equation is invariant under ¥ — —Z and U(7,t) —

Rewrite the equation as an equation for a stationary state and show
that the Hamiltonian commutes with the rotation operators J; = L; +

S;, where
h g; 0
51—521-, Ei_( 0 Ui)

Using the operators 2 X 2 : j; = L; + ho;/2 construct the eigenstates
52, L?, js in the form

0. _ al}/lm—l/2(97¢)
ghm OtQYEmH/Q(@a ¢)

find the eigenvalues oy and as. What is the eigenvalue of j3? Show
that eigenstates with a given j can be constructed only from [ or I’ with
l+1U'=2j,ie [,I'=7£1/2.



e) Find a form of the Dirac equation in the parametrization

v =i (o)

where I" = 2j — [ and determine the set of equations for f(r) and g(r).

Hint: Assume a simplified relation (without referring to the standard phase
factor convention:)

G- G-

Tlem = le’ma Tle’m = lem

where [ + 1" = 27.

Ex. 3. Using the reduced form of the Dirac equation analyze the eigenvalue
spectrum of the “hydrogen-like” atom V(r) = —Ze?/r:

a) Rewrite the Dirac equation as a set of two equations satisfied by func-
tions f(r) and g(r) at fixed values of quantum numbers j,m,[,I' =
2 —1.

b) Check the asymptotic behavior at » — co. What restriction should be
satisfied by the localized eigenstate? Show that in this limit f(r) and
g(r) should behave as e7*". Calculate k. Check the asymptotics r — 0
(behavior o< r®).

¢) Find a form of the reduced eqation (eliminating the asymptotic be-
havior at r — oo) for F(r) i G(r) (where f(r) = F(r)e *", similarly

G(r)).
d) Determine the recurrence equation for coefficients of the power expan-
sion
F(r) = Z [T and G(r) = Z G
as a two-component matrix equation
(£5)-+(£)
In+1 dn

Find eigenvalues A,, and show that this equation permits a determina-
tion of the spectrum of localized states.



