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Motivation

Physical motivation: many physical theories involve nonlinear wave
equations on curved manifolds

Mathematical motivation: by changing the domain of a nonlinear wave
equation from the flat to a curved manifold one can design an equation
with some desired properties (”designer” PDEs)
We want to design simplest possible settings for studying the following
two phenomena for nonlinear dispersive wave equations:

I Relaxation to a (nontrivial) equilibrium on an unbounded domain
through dissipation by dispersion

I Weak turbulence on a bounded domain - shift of the energy
spectrum from low to high frequencies

Warning: I will speak the language of theoretical physics
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The models

Domain: 3+1 dimensional manifold with ultrastatic spherical metric

g =−dt2 +dr2 +R2(r)(dϑ
2 + sin2

ϑ dϕ
2)

Equations: equivariant SU(2) Yang-Mills and wave maps into S3

Wtt = Wrr +
W(1−W2)

R2 (YM)

Utt = Urr +
2R′

R2 Ur−
sin(2U)

R2 (WM)

I will discuss three cases:

I R = r r ≥ 0 Minkowski

I R =
√

r2 +a2 −∞ < r < ∞ wormhole

I R = sinr 0≤ r ≤ π Einstein’s static universe
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Minkowski background
Invariance under dilation (t,r)→ (t/λ ,r/λ ). Energy E→ λ αE where
α =−1 for YM (subcritical) and α = 1 for WM (supercritical)
⇒ no static solutions with finite nonzero energy
YM: global-in-time existence for any smooth initial data and asymptotic
decay to vacuum with the sharp decay rate

1−W2 ∼ r2

〈t− r〉2〈t+ r〉2
for t→ ∞

WM: a) small data: global-in-time existence and asymptotic decay to
vacuum with the decay rate

U ∼ rt
〈t− r〉3〈t+ r〉3

for t→ ∞

b) large data: self-similar blowup in time T < ∞

U(t,r)→ S
(

r
T− t

)
as t↗ T
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Yang-Mills on the wormhole

Wtt = Wrr +
W(1−W2)

r2 +a2

The length scale a plays two roles:
I breaks scale invariance
I removes the singularity at r = 0⇒ global-in-time regularity

However, not all solutions decay to vacuum because ...

there exist infinitely many smooth finite energy static solutions Wn(r)
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Existence and (in)stability of static solutions

Two ways of proving the existence of static solutions Wn(r):

ODE shooting method. Key to the proof is the fact that in terms of the
variable x = arcsinh(r/a) the time-independent equation
W ′′− tanhxW ′+W(1−W2) = 0 is asymptotically autonomous.

Morse-theoretic argument of Corlette and Wald for the heat flow

Wt = Wrr +
W(1−W2)

r2 +a2 . Key to the proof is the global regularity of the

flow and the reflection symmetry W→−W (with a fixed point W = 0 of
infinite index).

The advantage of the heat flow method is its wide applicability (for
example to black hole backgrounds) and strong implications regarding
stability properties of static solutions. This method gives for free that the
solution Wn has n unstable directions (i.e. the linearized operator around
Wn has n negative eigenvalues).
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Hyperboloidal initial value problem
The hyperboloidal formulation provides a very natural setting for studying
the relaxation to equilibrium due to dispersion of waves to infinity (see
Anıl’s talk tomorrow)
We define new variables (−∞ < s < ∞, −π/2 < y < π/2)

s = t−
√

r2 +a2 , y = arctan(r/a)

Then the YM equation becomes

Wss +2sinyWsy + cosyWs = ∂y
(
cos2yWy

)
+W(1−W2)

The Bondi-type energy

E =
1
2

∫
π/2

−π/2

(
W2

s + cos2yW2
y +

1
2
(1−W2)2

)
dy

decreases due the flux of energy through Scri

dE

ds
=−W2

s (s,
π

2
)−W2

s (s,−
π

2
)
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Relaxation to equilibrium (heuristic picture)

As s→ ∞, the energy E (s) tends to a nonnegative limit which is equal to
the energy of one of the static solutions Wn. Since the solution Wn has n
instabilities, generic initial data evolve to W0 = 1 (or −W0) but the
solutions Wn (n≥ 1) can appear as codimension-n attractors (in
particular, W1 is an attractor for odd initial data).

What is the rate of convergence to Wn?

Quasinormal ringdown for intermediate times. The linearized flow
around Wn leads to the eigenvalue problem (W(s,y)=Wn + eλ sv(y))

λ
2 v+λ (cosyv+2sinyvy)−∂y

(
cos2yvy

)
+(3W2

n −1)v = 0

Quasinormal modes are defined as analytic eigenmodes with ℜ(λ )<0.

Nonlinear tail for late times. The same decay (including Scri) as in flat
space (derived by the formal nonlinear perturbation analysis and verified
by numerics). A linear tail due to backscattering is subdominant.
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Heteroclinic connection between W1 and the vacuum
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Tail at Scri
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Wave maps on the wormhole

Utt = Urr +
2r

r2 +a2 Ur−
sin(2U)

r2 +a2

The length scale a removes the singularity at r = 0 and renders the WM
equation subcritical⇒ global-in-time regularity.

Finiteness of energy requires that U(t,−∞) = mπ , U(t,∞) = nπ . We
choose m = 0 so n determines the topological degree of the map (which
is preserved in evolution).

For each n there exists a unique static solution Un(r) (harmonic map)
which minimizes the energy in its class (proof: shooting or heat flow).

The harmonic maps Un are linearly stable. Proof: Direct calculation
shows that vn =

√
r2 +a2 U′n(r) is the zero mode of the operator

L−a2/(r2 +a2)2, where L is the linearized operator around Un.
Since Un(r) is monotone increasing, the zero mode vn(r) has no nodes
and the claim follows from Sturm’s oscillation theorem.
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The harmonic maps of degree one and two.
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Soliton resolution conjecture for WM on the wormhole
Conjecture
For any smooth initial data of degree n there exists a unique and smooth
global solution which converges asymptotically to the harmonic map Un.

Recently, an analogous result was proved for equivariant wave maps
exterior to a ball by Kenig, Lawrie, and Schlag. It is likely that their proof
can be adopted to our case.

What is the rate of convergence to Un?

The hyperboloidal formulation

Uss +2sinyUsy +
1+ sin2 y

cosy
Us = cos2yUyy− sin(2U)

leads to similar conclusions as for YM.

This is an ideal setting for developing insight into a relationship between
topological and nonlinear stability.
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Yang-Mills on the Einstein universe

Wtt = Wrr +
W(1−W2)

sin2r

Remark: Yang-Mills equations in four dimensions are conformally
invariant so restricting the domain to the northern hemisphere we get YM
on Anti-de Sitter. One can enforce the Dirichlet/Neumann boundary
condition on the equator (conformal boundary of AdS) by prescribing
odd/even initial data on S3.

Global-in-time existence for any smooth initial data

Regularity requires that W(t,0) =±1 and W(t,π) =±1
⇒ two topological sectors N = 0,1.

In each sector there is a unique ground state static solution:
W0 = 1 (vacuum) and W1 = cos(r) (kink). Are they stable?

The domain is compact so dissipation by dispersion is absent and
therefore asymptotic stability of static solutions is excluded.
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Spectrum of linearized perturbations

Linearized perturbations v = W−WN around the static solutions satisfy

vtt +Lv = 0 , L =− d2

dr2 +
3W2

N−1
sin2 r

The linear operator L is essentially self-adjoint on L2([0,π],dr).

The eigenvalues are (n = 0,1, ...)

ω
2
n = (2+n)2 for N = 0 and ω

2
n = (2+n)2−3 for N = 1

The corresponding eigenfunctions are

en(r) = cn (cosr sin(2+n)r− (2+n)cos(2+n)r)

where cn is a normalization factor.
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Weakly turbulent instability of the ground state
Substituting W(t,r) = WN +∑an(t)en(r) into the YM equation and
projecting on the basis en we get an infinite system of coupled nonlinear
oscillators

än +ω
2
n an = ∑bn

jkajak +∑cn
jkmajakam

This system is fully resonant for N = 0 and non-resonant for N = 1.

The transfer of energy between the modes can be quantified by the

energy spectrum En(t) = ȧ2
n+ω2

n a2
n or the norms ‖v(t)‖s =

(
∑ω2s

n a2
n
)1/2

.

Numerical simulations of generic small perturbations of W0 indicate that
I the norms ‖v(t)‖s (for s≥ 2) tend to grow unboundedly in time
I the slope of logEn flattens with time (i.e. the radius of analyticity shrinks)

This means that energy is being transferred from low to high frequencies.
Such a shift of energy spectrum is usually called weak turbulence.

There exist special initial data which give rise to time-periodic solutions.
The neighbouring solutions do not seem to exhibit the turbulent behavior
– islands of (meta)-stability.
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Energy spectrum for two-mode perturbations of W0
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Sobolev norms for two-mode perturbations of W0
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Sobolev norms for Gaussian perturbations of W1
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Wave maps on the Einstein universe

Utt = Urr +2cotr Ur−
sin(2U)

sin2r

Infinitely many static solutions (harmonic maps between 3-spheres)

Blowup for large data is governed by self-similar wave maps from
Minkowski into S3 (blowup does not see the curvature)

The basic question: do small enough smooth perturbations of the zero
solution remain smooth forever? In other words: is there a nonzero
threshold for blowup?

One may speculate that the weakly turbulent behavior combined with the
supercritical scaling of energy may lead to blowup for arbitrarily small
perturbations (as has been recently found for perturbations of AdS)

At the moment the numerical evidence is not conclusive
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Final remarks

Playing with the domains of nonlinear wave equations one can construct
simple toy models for studying interesting physical phenomena

Many statements in this talk are not rigorously proved and should be
treated as (plausible) conjectures. I hope some of them are within the
reach of current PDE technology.

One has to remember that the road from the physical truth to the
mathematical truth may be long and full of obstacles.
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