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We consider the longtime behavior of small amplitude solutions of the semilinear wave equationh� ¼
�p in odd d � 5 spatial dimensions. We show that for the quadratic nonlinearity (p ¼ 2) the tail has an

anomalously small amplitude and fast decay. The extension of the results to more general nonlinearities

involving first derivatives is also discussed.
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In a recent paper [1] we studied the late-time tails of
spherical waves propagating on even-dimensional
Minkowski spacetime under the influence of a long-range
radial potential. Using perturbation methods we showed
that in six and higher even dimensions there exist excep-
tional potentials which produce tails with anomalously
small amplitudes and fast decay rates. The main purpose
of this paper is to show that anomalous tails exist also for
nonlinear waves.

We consider the semilinear wave equation with the
power nonlinearity

h� ¼ �p; h ¼ @2t � �; (1)

in odd d � 5 spatial dimensions (p � 2 is an integer). We
assume that initial data are small, smooth, spherically
symmetric, and compactly supported

�ð0; rÞ ¼ "fðrÞ; @t�ð0; rÞ ¼ "gðrÞ: (2)

It is well known that the corresponding solutions exist
globally in time (see, for instance, [2]) so there arises a
natural question: what is the asymptotic behavior of solu-
tions for t ! 1? In the following we address this question
using perturbation theory. Our starting point is the pertur-
bation expansion

� ¼ "�0 þ "2�1 þ "3�2 þ . . . ; (3)

where "�0 satisfies initial data (2) and all higher �n have
zero initial data. Substituting this expansion into Eq. (1) we
get the iterative scheme

h�0 ¼ 0; (4a)

h�p�1 ¼ �p
0 ; (4b)

h�2p�2 ¼ p�p�1
0 �p�1; etc.; (4c)

which can be solved recursively.
The general spherically symmetric solution of Eq. (4a) is

given by the superposition of outgoing and ingoing waves

�0ðt; rÞ ¼ �ret
0 ðt; rÞ þ�adv

0 ðt; rÞ; (5)

where

�ret
0 ðt; rÞ ¼ 1

rlþ1

Xl
k¼0

ð2l� kÞ!
k!ðl� kÞ!

aðkÞðuÞ
ðv� uÞl�k

;

�adv
0 ðt; rÞ ¼ 1

rlþ1

Xl
k¼0

ð�1Þkþ1 ð2l� kÞ!
k!ðl� kÞ!

aðkÞðvÞ
ðv� uÞl�k

;

(6)

and u ¼ t� r, v ¼ tþ r are the retarded and advanced
times, respectively (the superscript in round brackets de-
notes the k-th derivative). Here and in the following, it is
convenient to use the positive integer index l defined by
d ¼ 2lþ 3 (recall that we consider only odd spatial di-
mensions d � 5). Note that for compactly supported initial
data the generating function aðxÞ can be chosen to have
compact support as well (this condition determines aðxÞ
uniquely).
To solve Eq. (4b) we use the Duhamel formula for the

solution of the inhomogeneous equation h� ¼ Nðt; rÞ
with zero initial data (see, e.g., [3])

�ðt; rÞ ¼ 1

2rlþ1

Z t

0
d�

Z tþr��

jt�r��j
�lþ1Plð�ÞNð�; �Þd�; (7)

where Plð�Þ are Legendre polynomials of degree l and
� ¼ ðr2 þ �2 � ðt� �Þ2Þ=2r� (note that �1 � � � 1
within the integration range). Applying this formula to
Eq. (4b) and using null coordinates � ¼ �� � and � ¼
�þ � we obtain

�p�1ðt; rÞ ¼ 1

2lþ3rlþ1

Z tþr

jt�rj
d�

Z t�r

��
ð�� �Þlþ1Plð�Þ

��p
0 ð�; �Þd�; (8)

where now � ¼ ðr2 þ ð�� tÞðt� �ÞÞ=rð�� �Þ. If the
initial data (2) vanish outside a ball of radius R, then for
t > rþ R we may drop the advanced part of �0 and
interchange the order of integration in (8) to get

PHYSICAL REVIEW D 78, 024044 (2008)

1550-7998=2008=78(2)=024044(4) 024044-1 � 2008 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.78.024044


�p�1ðt; rÞ ¼ 1

2lþ3rlþ1

Z 1

�1
d�

Z tþr

t�r
ð�� �Þlþ1Plð�Þ½�ret

0 ð�; �Þ�pd�: (9)

Substituting (5) into (9) and using the identity (see the Appendix for the derivation),1

Z tþr

t�r
d�

Plð�Þ
ð�� �Þn ¼ ð�1Þl 2ðn� 2Þl

ð2lþ 1Þ!! r
lþ1 ðt� �Þn�l�2

½ðt� �Þ2 � r2�n�1
F

�
lþ2�n

2 ; lþ3�n
2

lþ 3=2

��������
�

r

t� �

�
2
�

¼ ð�1Þl 2ðn� 2Þl
ð2lþ 1Þ!!

rlþ1

tlþn

�
1þ ðlþ nÞ�

t
þO

�
1

t2

��
; (10)

we get

�p�1ðt; rÞ ¼ Cðl; pÞ
tðlþ1Þp�1

�
I lðp; 0Þ þO

�
1

t

��
; (11)

where

Cðl; pÞ :¼ ð�1Þl 2
ðlþ1Þðp�1Þ�1

ð2lþ 1Þ!! ½ðlþ 1Þðp� 1Þ � 2�l; (12)

and

I lðp; qÞ :¼
Z þ1

�1
ðaðlÞð�ÞÞpðaðlþ1Þð�ÞÞqd�: (13)

The coefficient I lðp; qÞ is the only trace of initial data. We
point out that there is no loss of generality in putting the
coefficient Cðl; pÞ outside the square bracket in (11) be-
cause if Cðl; pÞ ¼ 0 (which happens for p ¼ 2), then the
integrand over � in (9) becomes a total derivative, hence
the whole integral (9) vanishes for compactly supported
initial data.

It is not difficult to verify that generically �2p�2 and all

higher-order iterates also decay as 1=tðlþ1Þp�1, thus �p�1

gives a good approximation of the full tail provided that "
is sufficiently small. More precisely, for fixed r and t ! 1
we have

�ðt; rÞ � "p�p�1ðt; rÞ; (14)

up to an error of orderOðt�½ðlþ1Þp�1�ÞOð"2p�1Þ. We remark
that for l ¼ 0 the series (3) was proven in [4] to converge
for small enough ", thereby making the approximation (14)
rigorous. We have not been able to prove an analogous
convergence result for l � 1; however, from the practical
point of view the asymptotic nature of the perturbation
series is sufficient in using the approximation (14) to make
quantitative physical predictions.

The advantage of the approach presented above, in con-
trast to decay estimates in the form of inequalities, is that it
makes it easy to identify anomalous tails for which the
amplitude of the leading-order term in the perturbation
expansion vanishes. In the case at hand, as mentioned
above, this happens for the quadratic nonlinearity p ¼ 2
since from (12) the coefficient Cðl; 2Þ vanishes for any

l � 1. This implies that there is no tail in the first order
or, put differently, the system of Eqs. (4a) and (4b) satisfies
Huygens’ principle (note that this is not true in three spatial
dimensions, i.e., for l ¼ 0, [4]).
In order to determine the tail for the quadratic nonline-

arity we need to go to the second order. Applying the
Duhamel formula (7) to Eq. (4c) we obtain

�2ðt; rÞ ¼ 1

2lþ2rlþ1

Z tþr

jt�rj
d�

Z t�r

��
ð�� �Þlþ1Plð�Þ

��0ð�; �Þ�1ð�; �Þd�: (15)

To compute the asymptotic behavior of this expression
near timelike infinity we need to find first the asymptotic
expansion of�1ðt; rÞ near null infinity (u ¼ const and v !
1). Substituting (6) into (4b) we get

�1ðu; vÞ ¼ free partþ hðuÞ
ðv� uÞ2lþ1

þOð1=v2lþ2Þ;

hðuÞ ¼ � 22l

l

Z u

�1
½aðlÞðxÞ�2dx:

(16)

Plugging (6) and (16) into (15), interchanging the order of
integration, and expanding in powers of 1=t, we get the
leading-order asymptotic behavior at timelike infinity

�2ðt; rÞ ¼ ð�1Þl 23l

2lð2lþ 1Þ
1

t3lþ1

�
I l�1ð1; 2Þ þO

�
1

t

��
:

(17)

Thus, for p ¼ 2 the approximation (14) should be replaced
by

�ðt; rÞ � "3�2ðt; rÞ þOð"4Þ; (18)

where �2 is given by (17).
Since quadratic nonlinearities are common in nonlinear

perturbation analysis, the anomalous tail (18) appears fre-
quently in applications. We emphasize that these applica-
tions are not restricted to higher dimensions and might be
physically relevant because some important equations in
physics (we mean, in four dimensions) are equivalent to
scalar wave equations in higher dimensions (actually, we
first came across this phenomenon while studying the
Yang-Mills equations in four dimensions [5]).
The analysis presented above can be readily generalized

to incorporate nonlinearities involving derivatives, for ex-

1As in [1] we use the notation x0 :¼ 1, xk :¼ x � ðx� 1Þ � � � � �
ðx� ðk� 1ÞÞ, k > 0.
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ample, equations of the form

h� ¼ �pð�@t�þ �@r�Þq; (19)

where integers p and q satisfy pþ q � 2, and �, � are
constants. For this equation, proceeding along the same
lines as in the derivation of the tail (11), we obtain

�pþq�1ðt; rÞ ¼ ð�� �Þq Cðl; pþ qÞ
tðlþ1ÞðpþqÞ�1

�
I lðp; qÞ þO

�
1

t

��
:

(20)

There are several special cases when the tail (20) vanishes
and the decay is faster:

(i) q ¼ 0 and p ¼ 2. This case has been discussed
above (see (17)).

(ii) q ¼ 1 and p � 1. In this case the coefficient
I lðp; 1Þ vanishes (since the integrand in (13) is the
total derivative and aðxÞ is compactly supported)
and, instead of (20), we have

�pðt; rÞ ¼ Dðl; pÞ
tðlþ1Þðpþ1Þ

�
I lðpþ 1; 0Þ þO

�
1

t

��
;

(21)

where

Dðl;pÞ¼ ð�1Þl 2
ðlþ1Þp�1

ð2lþ1Þ!!ðlþ1Þ½ðlþ1Þp�1�l

�
�
ð���Þp�1

pþ1

ðlþ1Þðpþ1Þ�1

ðlþ1Þp�1
�2�

�
:

(22)

Note that for p ¼ 1 and � ¼ 0 the coefficient
Dðl; pÞ vanishes. In this case there is no tail at the
first order whatsoever, while at the second order, in
analogy to (17), we obtain

�2ðt; rÞ ¼ ð�1Þl�223l�2 3lþ 1

2lð2lþ 1Þ
1

t3lþ2

�
�
I lð3; 0Þ þO

�
1

t

��
: (23)

(iii) q ¼ 2 and p ¼ 0. In this case Cðl; pþ qÞ ¼ 0 and,
instead of (20), we have

�1ðt; rÞ ¼ ð�1Þl�� 2lþ2l!

ð2lþ 1Þ!! ðlþ 1Þ3 1

t2lþ3

�
�
I lð2; 0Þ þO

�
1

t

��
; (24)

thus for �� ¼ 0 there is no first-order tail, in
analogy to the case q ¼ 0 and p ¼ 2. At the second
order we get

�2ðt; rÞ ¼ ð�1Þlþ1ð�� �Þ4 23l

2lð2lþ 1Þ
1

t3lþ1

�
�
I lð0; 3Þ þO

�
1

t

��
: (25)

We note that for l ¼ 1 and 0 � � � � � 0 this
case is exceptional in the sense that the first-order
tail decays faster than the second-order tail. This is,
in fact, a peculiar property of the nonlinearity of the
form @t�@r� in 5þ 1 dimensions, as ð�@t�þ
�@r�Þ2 ¼ �2ð@t�Þ2 þ 2��@t�@r�þ �2ð@r�Þ2.
Note also that from (24) and (25) the nonlinearities
ð@t�Þ2 and ð@r�Þ2 produce exactly the same tail, in
agreement with the well-known fact that the equa-
tion h� ¼ ð@t�Þ2 � ð@r�Þ2 is Huygensian.

(iv) q � 1 and � ¼ � � 0. In this case we have

�pþq�1ðt; rÞ ¼ Eðl; p; qÞ
tðlþ1ÞðpþqÞþq�1

�
�
I lðpþ q; 0Þ þO

�
1

t

��
; (26)

where

Eðl; p; qÞ ¼ ð�1Þlþq�q 2
ðlþ1Þðpþq�1Þþq�1

ð2lþ 1Þ!! ðlþ 1Þq

�ððlþ 1Þðpþ q� 1Þ þ q� 2Þl:
(27)

The formula (26) reduces to (21) if q ¼ 1 and p ¼ 1,
and to (24) if q ¼ 2 and p ¼ 0. Finally, we wish to remark
that all the above analytic predictions have been scrupu-
lously verified numerically.

We thank Nikodem Szpak for discussions. This research
was supported in part by Grant Nos. 1PO3B01229, 189/
6.PR UE/2007/7, and FWF P19126-N16.

APPENDIX

Here we derive the identity (10). Changing the integra-
tion variable from � to � we get

Z tþr

t�r
d�

Plð�Þ
ð�� �Þn

¼ rðt� �Þn�2

½ðt� �Þ2 � r2�n�1

Z þ1

�1
d�Plð�Þ

�
1� r�

t� �

�
n�2

:

(A1)

Expanding the power and integrating using the identity [6]

�k ¼ X
l¼k;k�2;k�4;...

ð2lþ 1Þk!
2ðk�lÞ=2ðk�l

2 Þ!ðkþ lþ 1Þ!Plð�Þ; (A2)

we obtain
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Z tþr

t�r
d�

Plð�Þ
ð�� �Þn ¼ ð�1Þlrlþ1 ðt� �Þn�l�2

½ðt� �Þ2 � r2�n�1

X
0�m

21�m
n� 2

lþ 2m

 ! ðlþ 2mÞ!
m!ð2lþ 2mþ 1Þ!!

�
r

t� �

�
2m
: (A3)

Expressing the sum in terms of the hypergeometric function we get (10).
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