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ABSTRACT: The familiar ¢ — oo nonrelativistic limit converts the Klein-Gordon equation
in Minkowski spacetime to the free Schrédinger equation, and the Einstein-massive-scalar
system without a cosmological constant to the Schrodinger-Newton (SN) equation. In this
paper, motivated by the problem of stability of Anti-de Sitter (AdS) spacetime, we examine
how this limit is affected by the presence of a negative cosmological constant A. Assuming
for consistency that the product Ac? tends to a negative constant as ¢ — 0o, we show that
the corresponding nonrelativistic limit is given by the SN system with an external harmonic
potential which we call the Schrédinger-Newton-Hooke (SNH) system. We then derive
the resonant approximation which captures the dynamics of small amplitude spherically
symmetric solutions of the SNH system. This resonant system turns out to be much
simpler than its general-relativistic version, which makes it amenable to analytic methods.
Specifically, in four spatial dimensions, we show that the resonant system possesses a three-
dimensional invariant subspace on which the dynamics is completely integrable and hence
can be solved exactly. The evolution of the two-lowest-mode initial data (an extensively
studied case for the original general-relativistic system), in particular, is described by this

family of solutions.
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1 Introduction

Numerical and perturbative studies of dynamics of small perturbations of the Anti-de Sit-
ter (AdS) spacetime in [1] have led to a conjecture that the AdS spacetime is nonlinearly
unstable, with black hole formation in the evolution of arbitrarily small generic pertur-
bations. While significant further evidence has been accumulated for this conjecture in
subsequent works, the regime of very small perturbations is not accessible numerically,
which necessitates the development of exact or asymptotic analytic methods. The only
rigorous result that we are aware of is the proof of instability of AdS within the spherically
symmetric massless Einstein-Vlasov model with negative cosmological constant announced
in [2] (see also [3]). However, the argument in [2] relies heavily on the fact that matter
moves along null geodesics and it is not clear a priori whether a similar approach can be
applied to other Einstein-matter or vacuum Einstein equations.

Another strategy, taken here, is based on the resonant approximation developed and
applied in [4-9] under a number of different names (two-time framework, renormalization
flow, time-averaging). Within this approximation, the dynamics of small perturbations
of AdS is described by an infinite dimensional cubic dynamical system for the normal
mode amplitudes. In this representation, the magnitude of perturbations in the original
system is completely scaled out, thereby giving access to the regime of arbitrarily small
perturbations. Numerical analysis [7] of the resonant approximation for the Einstein-scalar
system in 4 + 1 dimensions with negative cosmological constant provided further evidence
that the instability of AdS is triggered by a turbulent transfer of energy to short wavelength
modes, as conjectured in [1].

Even though the resonant approximation provides an attractive window into extremely
small amplitude regime of AdS perturbations, it is still forbiddingly complicated for analytic



purposes. This is ultimately traced back to the complexity of nonlinearities in Einstein’s
equations. The coefficients of the resonant system are complicated expressions in terms of
integrals of the AdS mode functions [5, 6], and in special cases where these integrals have
been evaluated [8], the expressions are so long that they could not even be included in a
published article. In such circumstances, it seems wise to look at simpler related systems.
Most pragmatically, understanding general features of resonant systems may lead to qual-
itative results that will shed light on the dynamics of AdS perturbations irrespectively of
the detailed algebraic expressions for the coefficients in the corresponding resonant system.
More broadly, this point of view connects weakly nonlinear dynamics of asymptotically
AdS spacetimes to many other interesting studies of weakly nonlinear energy transfer in
spatially confined systems, often motivated by completely different physics.

Perhaps the most straightforward modification of the dynamics of asymptotically AdS
spacetimes is turning off the gravitational backreaction and studying nonlinear matter
fields on a fixed AdS background [10-14]. While this is a very different physical setting,
the corresponding resonant approximation has an identical structure but with much sim-
pler coefficients in the equations. Finite-time turbulent blow-ups are no longer seen but
the dynamics is still characterized by a sequence of direct cascades of energy to shorter
wavelength modes, followed by inverse cascades. Some of such resonant systems originating
from nonlinear wave equations in AdS can be treated analytically with a number of explicit
results [11-14]. (These systems show some similarities to the cubic Szegé equation designed
and studied in a series of works by Gérard and Grellier starting from [15]. Remarkably,
the cubic Szegé equation exhibits weak turbulence even though it is integrable.)

There is a deep similarity between nonlinear wave equations in AdS and the Gross-
Pitaevskii equation describing Bose-Einstein condensates in harmonic traps (the latter
system is nowadays routinely realized experimentally in terrestrial laboratories). This sim-
ilarity has been emphasized at a practical level in [16], and explained in [13] through the
emergence of the Gross-Pitaevskii equation as the nonrelativistic limit! of the cubic wave
equation in AdS. Through this connection, a number of interesting parallels have been ob-
served between the resonant systems for AdS wave equations and the Gross-Pitaevskii equa-
tions, and the corresponding exact analytic solutions in weakly nonlinear regimes [22-27].

Given the above connections (interesting in both physical and mathematical terms)
that emerge from taking a nonrelativistic limit of nonlinear wave equations in AdS, a ques-
tion arises: what if one takes a similar nonrelativistic limit in the original AdS instability
setup, with the full gravitational backreaction of the scalar field included? This is the
main question we shall be addressing in this article. We recall that the corresponding
nonrelativistic limit of the Einstein-massive-scalar system with zero cosmological constant
(i.e., for asymptotically flat rather than asymptotically AdS spacetimes), resulting in the
Schrodinger-Newton (SN) equation for a self-gravitating wavefunction, has been considered
in various physical contexts,? for example in modelling boson stars [29, 30] or in attempts

LAt the level of the corresponding symmetry groups, rather than at the level of the equtions of motion,
this relation has appeared in the literature a number of times [17-21].

2Qutside gravitational physics, the SN equation occurs (under the names of the Hartree, Schrodinger-
Poisson or Choquard equation) as a mean-field approximation for many-body problems; see [28] for a review.



to envisage the wave function collapse as a gravitational phenomenon [31, 32]. It has also
been extensively studied in the mathematical literature (see, e.g., [33, 34]).

In the presence of a negative cosmological constant A, an important observation is that
consistency of the nonrelativistic limit requires the product Ac? to approach a negative
constant as ¢ — oo. Under this assumption, we show that the nonrelativistic limit is
given by the SN system with an external harmonic potential. Thus, the confinement of
waves in asymptotically AdS spacetimes due to the gravitational potential translates in
the nonrelativistic limit to the trapping by the harmonic potential. We call this system
the Schrodinger-Newton-Hooke (SNH) equation following the tongue-in-cheek terminology
for the Newton-Hooke groups in the literature on kinematic symmetries [20, 21]. Although
the SNH system has been studied in the literature (see, e.g., [35, 36]), we believe it is the
first time it appears in connection with a negative cosmological constant.

The paper is organized as follows. In section 2, we derive the SNH system as the
nonrelativistic limit of the Einstein-massive-scalar system with a negative cosmological
constant and discuss its basic properties. We point out that in four spatial dimensions the
SNH system enjoys a symmetry enhancement analogous to the symmetry enhancement for
the Gross-Pitaevskii equation in two spatial dimensions [37, 38]. In section 3, we construct
the resonant system which approximates the small amplitude regime of the SNH equation.
In section 4, we study this resonant system and prove that in four spatial dimensions it
belongs to a large class of analytically tractable resonant systems developed in [27]. This
automatically gives exact special analytic solutions, bounds on turbulent energy transfer
for these special solutions, and an extra conserved quantity. We conclude with a discussion
of the SNH system in higher dimensions.

2 The SNH model

We consider a massive self-gravitating scalar field ¢ in d + 1 dimensions (for d > 3) in the
presence of negative cosmological constant A. The system is governed by the Klein-Gordon

equation
g’V Vo — m;Cqu =0, (2.1)
and the Einstein equations
G+ A = "2 T (22)
with the stress-energy tensor
T = 210,00, + 0,80, ~ gy (awaw i W)] - (2:3)

To derive a nonrelativistic limit,® we assume the following weak-field ansatz for the leading
order behavior (in powers of 1/¢) of the scalar field and the metric (hereafter 2 € R9):

olt,a) = e F L ult, ), (2.4)

3The nonrelativistic limit for the Einstein-scalar system in four spacetime dimensions without cosmo-
logical constant was examined in details in [39] under the assumption of spherical symmetry (see also [40]
for the case with positive cosmological constant).



and

c2

@2:—8<1+ZML@)dﬁ+(1+z%§@)§6uﬂﬁ. (2.5)
j=1

Note that in the ansatz (2.5) we have included the first post-Newtonian correction to the
spatial part of the metric which at this order in 1/c expansion is isotropic; see [41, sections
39.7-8] for a textbook treatment of a similar nonrelativistic limit without a cosmological
constant in 3 4+ 1 dimensions. We insert this ansatz into the field equations and determine
the leading order terms in powers of 1/c. A salient point here is that we must assume for
consistency that A — 0 as ¢ — oo. More precisely, we require that*

lim Ac? = _dd=1) w?, (2.6)

c—00 2

where w is a constant. The Klein-Gordon equation (2.1) gives for ¢ — oo

2
ith O = - Au+mAu, (2.7)
2m

_\a 2
where A =375, 07.
The tt-component of the Einstein equations gives for ¢ — oo

-1
—(d—1)AB+ (i(d2)w2 = 8rGm|ul?, (2.8)

while the jj-component multiplied by ¢? gives

d(d—1
AA—@A+@#JXAB—£By—(Q,%ﬁ:o. (2.9)
Summing this up over j and using (2.8) we get
d—2
AA:8W§_1)WF+w%. (2.10)

Substituting A = V + $w?|z|? into (2.7) and (2.10), we obtain

, h? L9 12
th O = —%Au—kimw |z|“u + Vu, (2.11)
szgmifzmmﬁ, (2.12)

which we shall call the Schrédinger-Newton-Hooke (SNH) system. The Poisson equa-
tion (2.12) can be solved using the Green function for the Laplace operator

1 1
(d—2)Qq |a|™>’

G(z) = — (2.13)

4An explanation for the group-theoretical origin of (2.6) in the context of taking nonrelativistic limits
can be found in [21]. We are grateful to Gary Gibbons for elucidating this point to us.



where Qg4 = 277%/1“(%) is the volume of S, to yield

8rGm lu(t, y|?
V(t,z) = — d 2.14
(1) =~ [ . (214)

which upon substitution into (2.11) gives the Hartree equation with a harmonic potential

_ h? 1 8rGm lu(t,y)|?
howu = ———Au+ ~mw?|z|*u — / ’ : 2.15
thoru o u+2mw |z[*u d— 1), (Rd [ — |2 u (2.15)

In this paper we restrict ourselves to spherically symmetric solutions. In this case, the
convolution can be simplified using Newton’s formula

J Uy — ] o [T IO e
et o= o172 Y = oo max(al 2, 2y max{rd 512 |
Setting h =m = Z’r—G = 1 by a choice of units and using (2.16), at the end we arrive at the

radial Hartree equation with a harmonic potential

1 1 o0 2.d-1
10 = —iAru + §w2r2u - (/ utt, s)Is d5> u, (2.17)
0

max{rd¢—2, si=2}

where A, = 92 + ¢ 8 We shall refer to (2.17) as the SNH equation.
The SNH equatlon preserves the mass and energy defined as

Nu] = / lu(t, r)[>r9tdr, (218)
0

Hlu] = ;/ Ot ) [Pr~ dr + ;wQ/ r?lu(t, r)|*rd " dr

0 0

L[ ([ Jult )™ 2 d—1
5 ds ) lutt dr. 2.1
() gt sy ) e e (219)

We shall now display a connection between the SNH equation (2.17) and the SN
equation, which results from setting w = 0 in (2.17):

a1 < |u(t, s) 25?1
10w = iAru </0 max{rd—Q,sd—2}dS u. (2.20)

This equation enjoys the scaling symmetry

u(t,r) — ur(t,r) = N2u(\?t, \r). (2.21)
Under this scaling, the mass and energy corresponding to (2.20) transform as follows
No[ux] = XN [u], Holua] = A" Holul, (2.22)

hence the SN equation is mass-critical for d = 4 and energy-critical for d = 6. Although
the scaling symmetry is broken in (2.17) by the harmonic term, these critical dimensions
demarcate different behaviors of solutions of the SNH equation as well. In particular, in



the mass critical case, there is a direct relation between the SN and SNH equations. To see
this, given a solution u(t, r) of equation (2.20), we define the lens transform Lu as in [42]:

Fu(t,r) = — <tan“t - >e—§w7"2tanwt. (2.23)

u
cos®/2 wit w  coswt

It can be verified by a direct computation that Lu satisfies

: 1 122 d—4 > |Luf(t,s)[s*!
0Ly = —§ArLu + Qu'T Lu — cos® *(wt) ) Sd—z}d‘g Lu, (2.24)

which for d = 4 simply reduces to (2.17). Note that Lu(0,r) = u(0,r), so the lens transform
does not alter the initial data. Thus, solving (2.17) in d = 4 is equivalent to solving (2.20)
for the same initial data, and then applying the lens transform to obtain the desired
solution. This structure evidently implies that all symmetries of (2.20), given by the
Schrodinger group [43] in d = 4 are conjugated to the analogous symmetries of (2.17).
Note, however, that if u(¢,r) is a global-in-time solution of (2.20), then Lu(t,r) is defined
only for |[t| < o= and it is a delicate question what happens for later times. The situation
is directly parallel to the Gross-Pitaevskii equation, where both the lens transform [42, 44]
and the underlying conformal symmetry [37, 38] operate in d = 2. Similarly, our subsequent
study of weakly nonlinear dynamics will reveal further strong parallels between the SNH
equation in d = 4 and the Gross-Pitaevskii equation with an isotropic harmonic potential
ind=2.

The lens transform (2.23) is a nonrelativistic analog of the familiar coordinate and
conformal transformations encountered in AdS spacetimes. Namely, Minkowski spacetime
with the flat metric ds?> = —dt? + dz? + dz'dx?, whose massive scalar perturbations are
described in the nonrelativistic limit by the SN equation, is conformal to the Poincaré
patch of AdS spacetime with the metric ds®> = (—dt? + dz? + dx'dz")/2%. By a standard
change of coordinates, the Poincaré patch is embedded into the global AdS spacetime,
whose massive scalar perturbations are described in the nonrelativistic limit by the SNH
equation. This map between a system with curvature (global AdS) and a system without
curvature (Minkowski) is directly parallel to the removal of the external potential by the
lens transform, while the infinite time range on the Minkowski (or SN) side is mapped to
a finite time range on the global AdS (or SNH) side in both cases.

3 The resonant approximation

We shall now focus on the behavior of small amplitude solutions of the SNH equation. Since
the normal modes of the linearized SNH equation (which is just the linear Schrodinger
equation with a harmonic potential) oscillate with commensurate frequencies, nonlinear
interactions can produce infinitely many resonances between the modes. In this situation,
sometimes referred to as fully resonant, the evolution of solutions with initially arbitrarily
small amplitudes of order € can lead to large nonlinear effects on timescales of order 1/&2.

An attractive position space approach to long-time evolution of the nonlinear
Schrodinger equation with harmonic potential has been developed in [45] (see also [36]



where this approach has been applied to the Hartree equation with harmonic potential).
The key observation is that the evolution of small amplitude solutions is mostly dominated
by the harmonic potential which makes the solution focus near the origin periodically in
time. At the foci, the harmonic potential term is negligible and the passing through each
focus can be described by a certain nonlinear scattering operator. Thus, iterations of this
operator provide a stroboscopic picture of the evolution. Unfortunately, it seems very dif-
ficult to control the iterations in the case of the SNH equation. (A similar approach to
relativistic gravitational perturbations of AdS has been later attempted in [46].)

Here, to take into account the resonant interactions between linearized normal modes
at leading order in €, we shall employ the resonant approxzimation. We start by expanding
solutions of (2.17) with amplitudes of order ¢ in terms of the radial eigenfunctions of the
d-dimensional isotropic harmonic oscillator:

u(t,r) =¢ Z o (t)en (r)e  Fnt, (3.1)
n=0

where the eigenvalues and normalized eigenfunctions are given by

p ol 2
E,=(2n+3 |w, nr) = [ ) LD (wr?)emerts2, 3.2
< n 2>w en(r) =w Tt 3 (wr?)e (3.2)

Here, L%m) denote the generalized Laguerre polynomials, which can be defined through
their generating function

o] __tz

T—t
S L (@) = (3.3)
o (1 — t) +1

Substituting (3.1) into (2.17), projecting on e,, and using the orthogonality relation

/ en(r)em(r)rdfldr = Opm,
0

we get

0o o0 00
10y, = —? E E E SnjkldjakaleZ(E"+Ej7Ek7El)t, (34)
j=0 k=0 [=0

<

where we have defined
Snjkl = /rdr / min {rd*2,sd*2} en(r)ej(s)er(s)e(r)sds. (3.5)
0 0

We note that a,, vary slowly on time scales of order 1/e2, whereas the terms on the right
hand side of (3.4) with E, + E; — E, — E; # 0 oscillate much faster on time scales of
order 1. It is intuitively clear that such oscillatory terms will ‘average out’ for very small
e, and this can be justified by accurate asymptotic analysis [47, 48]. The essence of the
resonant approximation (or time-averaging) is then in discarding in (3.4) all terms with



E,+FE;—E,—E;#0, and only keeping the resonant quartets satisfying E,+E;—E,—F; =0,
which is the same as n + j = k + [. We furthermore redefine —£2t to be the new ‘slow’
time (whereafter € completely disappears from the equation). The end result is a new
autonomous resonant system given by

0o n+j

da _
ZTIZZ = Z Z ank,n—i—j—kajak‘an-‘rj—ka (36)
7=0 k=0
with the interaction coeflicients
1
Chjkl = 3 (Snjkt + Snjik) - (3.7)

These coefficients enjoy the index permutation symmetries
Chjkt = Cjik = Cinki = Clinj- (3.8)

It follows from (3.2) and (3.5) that Cpji = wd/2*16’njkl]w:1. From now on we will be
assuming that w = 1, as any other values of w may be obtained via trivial time rescaling
in (3.6). The integrals defining the interaction coefficients can be evaluated in a closed
form using hypergeometric functions; the explicit expressions are given in appendix A for
completeness but will not be used below.

While we are not constructing here a rigorous proof that the resonant system ap-
proximates the original equation in the appropriate long-time small-amplitude regime, and
limit ourselves to a physical argument, we expect this proof to be within easy reach of
the methods of modern PDE mathematics. For finite-dimensional systems of ODEs, the
proof is in textbooks [47], while many closely related nonlinear Schrodinger equations have
been analyzed by mathematicians, with rigorous proofs of the accuracy of the resonant
approximation [22, 48]. (A very compact summary oriented towards the physics audience
can be found in [26].)

The resonant system (3.6) is Hamiltonian

Jday, OH

& = o, (3.9)

with

oo oo n+j

1 —_ —
H=33 3> Cohnj-hnG0kin ik (3.10)

n=0 j=0 k=0
Besides the Hamiltonian, the resonant system (3.6) conserves the following two quantities
(corresponding to the total mass carried by the wavefunction v and the total energy of the

(o] o0 d
N:ZO\%P, E:Z} (n—|—4> ||, (3.11)
n= n—=

which follow by Noether’s theorem from the global and local phase rotation symmetries,
0

linearized theory):

an — €%a, and a, — ¢™a,, respectively. For d = 4, there are additional conservation

laws, as we shall see in the next section.



4 The resonant system in four spatial dimensions

As the SNH equation enjoys enhanced symmetries in four spatial dimensions, one might
justifiably expect that the resonant system likewise displays special features in this case.
Indeed, we shall now demonstrate that, for d = 4, (3.6) belongs to a class of solvable cubic
resonant systems introduced in [27]. To this end, it suffices to show that the following
linear combination of the interaction coefficients

Dyjit = (n+ 1) Cr1jrr + (G + DCnjpr — (b + 1) Crjgrry — L+ 1D)Cnjrgsr (41

vanishes identically if [+k = n+j—1. Here Cn]kl (Sn]kl—l—Sn]lk) where following [27] we
defined S,jp1 = /(n+ 1)(5 + 1)(k 4+ 1)(I + 1)Syjz1- From (3.5) and (3.2), we get for d = 4

Skt = / dp / domin{p,a}e L)LV (o)L (o) LV (p).  (4.2)
0 0

The proof that D,,;i = 0if [ +k = n+j — 1, relying on identities satisfied by the Laguerre
polynomials, is given in appendix B.

The results of [27] imply that any cubic resonant system of the form (3.6) with the in-
teractions coefficients satisfying the above identity possesses an additional complex-valued
conserved quantity and a three-dimensional invariant manifold on which the dynamics is
completely integrable. More specifically,® the extra conserved quantity reads

o
Z=>> "/ (n+1)(n+2)ani10m, (4.3)
n=0
while the invariant manifold is given by the ansatz

an(t)=vn+1 (b(t) + Zgg n) (p(t)", (4.4)

where a(t), b(t), and p(t) are complex-valued functions of time.

We shall now briefly recapitulate the main points of [27], while referring the reader
to the original publication for detailed derivations. The conservation of (4.3) is shown in
a fairly straightforward manner by differentiating that expression, and then applying the
equations of motion (3.6) and the identity (4.1). Proving that the ansatz (4.4) is compatible
with the equations of motion, on the other hand, requires some extra work. One approach
is to establish the following identities as a consequence of (4.1):

n+j

1+k‘ l—l-n-l—j—k:)
njkn+j— :17 4.
Z 1T+n)(1+7) Cnikntj—k (45)
n+] .
l—i—k J1+n+j—k) 1 .
2: . == 4.
n+] .
1+k‘ 1+n+]—k:) 3, 9 .9 3 .1 .
k ik = — — — . 4.
E \/ ETE Criknj—t = g (0" + %) + gnj + o(n+j) (4.7)

5In the language of [27], the system (3.6) corresponds to G = 2, where G is a parameter labelling the
solvable resonant systems within the large class defined in [27].



The proof, given in [27], simply analyzes the condition D,z = 0 as a linear finite-difference
equation for the interaction coefficients C,,,1;, and the above identities result from this
analysis. While completely elementary, the proof is somewhat lengthy and we shall refrain
from quoting it here in full, referring the reader to [27].

Once the above identities have been established, one can substitute (4.4) into the
equations of motion (3.6), and the identities (4.5)—(4.7) will allow explicit evaluation of the
sums. Both left-hand side and right-hand side of (4.4) descend in this manner to quadratic
polynomials in n, and equating the coefficients of these polynomials on both sides results
in a consistent set of equations for a(t), b(t) and p(t), which can be written as

5= 1 (L) Clalply +1)+ab), (48)
ia= %a(l+y)2(101a\2(y+1)(3y+1)+2O(y+1)Re(aEﬁ)—I—éLabp(y—i-l)—|—7|b|2), (4.9)

. 3 _
ib:a§§(1+y)4 (2(1+2y)|al*+abp)

+b(14y)? <(1+y)(1+3y)|a!2+;|b|2+2(1+y)Re(abp)> , (4.10)

where we have defined y = [p|?/(1 — |p|?). The existence of two conserved quantities in
involution (in addition to the Hamiltonian) given by (3.11) guarantees that this reduced
Hamiltonian system with three degrees of freedom is Liouville-integrable. It is convenient
to reparametrize the conserved quantities in terms of N, E, S = /(N? — H)/6 and Z,
which are given by

N = (1+y)* (2(1+y)(1+3y)|al*+[b]*+4(1+y) Re(abp)) , (4.11)

E = (14y)* (4(1+y) (1+6y+6y*)|a]*+4(1+y) (2+3y) Re(abp) + (1+2y) |p]*) . (4.12)

§=glal?(1+y)" (4.13)

Z=2(14y)* (6(1+y)(1+2y)|a]*+6(1+y) Re(abp) +|b|*) p+2(1+y)>ab. (4.14)
Using these conservation laws, one may write down a closed equation for p:

ip = 32(11+y) (Z—(N+E+4S5)p). (4.15)

One further obtains

1
yz+@ (N—E+48)?+4(N?~NE—4AES+485%)y+4(N?+485%)y?) =0,  (4.16)

and then
P+ wi(y — ) =€, (4.17)

where

1 1 E(N +45) S(48 — N)(N? — E? 4 485?)
— VN2 4882, gy = (12T _ _
W= VAT TASSS w =g ( N2 +4852> £ 128(N2 + 4852)

~10 -



The variable y thus performs harmonic oscillator motions of the form
y(t) = Acos(wt + ¢) + yo, (4.18)

where

_ \/25(45 — N)(N? — E? + 485?)
N N2 4 4852 '

This implies (as in a number of related physically motivated cases, as well as in the general

A

(4.19)

considerations of [27]) that |p|? is exactly periodic in time, and by the conservation laws,
lal?, |b|?> and Re(abp) are exactly periodic in time. The same periodicity applies to the
entire spectrum |a,|? for solutions within our ansatz (4.4). In particular, all two-mode
initial data of the form a;,>2(0) = 0 belong to our ansatz (corresponding to p(0) = 0), and
will hence display periodic exact energy returns to the initial configuration. Such initial
data are often analyzed numerically in the literature on the original relativistic version
of AdS perturbations. (One may, for instance, contrast the exact energy returns we have
proved here for the nonrelativistic limit of AdSs with the very close but inexact energy
returns seen in the relativistic theory in AdSy [49].) For solutions within our ansatz, as |p|?
oscillates, the energy is periodically transferred to higher modes, and then it returns to the
lower modes. The range of these oscillations is uniformly bounded by the considerations
of [27], and no turbulent behaviors emerge for solutions within the ansatz (4.4).

We note that no immediate analogs of the structures we displayed above (the conser-
vation of Z, dynamically invariant manifolds, periodic evolution of the energy spectrum)
exist in relativistic AdS gravity. At the same time, systems with relativistic self-interacting
probe fields in AdS backgrounds do display such features [11, 13].

We conclude with a digression that should highlight the special character of the SNH
resonant system in four spatial dimensions. Following [50], one can straightforwardly quan-
tize the Hamiltonian (3.10) by promoting «,, and @,, to the standard creation-annihilation
operators satisfying [éz;ﬂ,oim] = —0npm. This ‘quantum resonant system’ turns out to be
remarkably simple and can be analyzed in great detail. The quantized versions of the
conserved quantities N and E' := E — dN/4, with N and E given by (3.11), have integer
eigenvalues and the Hamiltonian is block-diagonal with respect to these integer eigenvalues
(the matrix elements of the Hamiltonian between states with different N and E’ vanish).
Each (N, E')-block furthermore contains a finite number of states and can be diagonalized
by ordinary matrix diagonalizations. Once the energy eigenvalues have been obtained by
this diagonalization, their properties can be analyzed in any desired way. In particular,
statistics of distances between the neighboring eigenvalues® has been extensively investi-
gated in the field of ‘quantum chaos’, and is believed to be a good indicator of the inte-
grable/chaotic features in the corresponding classical system due to the Berry-Tabor [51]
and Bohigas-Giannoni-Schmit [52] conjectures (for reviews, see [53, 54]). More specifically,
one expects that normalized level spacings s obey the Poisson distribution

pPoisson<3) = 6757 (420)

5At a technical level, one must properly normalize, or ‘unfold’ these level spacings — the details can be
found in [50].

- 11 -



Figure 1. Eigenvalue spacing distibutions obtained for the quantized SNH resonant system in three
(a) and four (b) spatial dimension for a particular eigenvalue block with N = 27 and E’ = 27. By
inspection, (a) follows the ‘Wigner surmise’ distribution associated with chaotic systems, while (b)
follows the Poisson distribution that alludes to its special structure (‘partial integrability’) discussed
in section 4.

for generic integrable systems (i.e., they statistically behave as distances between points
randomly thrown on a line with a unit mean density), and closely follow the ‘Wigner
surmise’

™S .2
PWigner(S) = ? e "¢ /4, (4.21)

for quantized versions of classically chaotic systems (i.e. statistically behave as distances
between eigenvalues of Gaussian random matrices). We have explored this perpspective for
the SNH resonant system, having picked for our statistical analysis a particular Hamiltonian
block with N = 27 and E’ = 27. The results, depicted on figure 1, indicate that the three-
dimensional resonant system closely follows the ‘Wigner surmise’ distribution (with some
statistical scatter attributed to working with a finite number of eigenvalues), while the
corresponding plot for the four-dimensional system follows the Poisson distribution. This
blind analysis thus suggest that no integrability features are anticipated in three dimensions
(we expect similar results in more than four dimensions), while the case of four dimensions is
immediately spotted as special due to a different distribution of energy eigenvalue spacings.
It remains to be seen whether the Poisson curve in figure 1b alludes to any further analytic
structures for the SNH resonant system in four spatial dimensions, beyond those we have
already displayed explicitly in our considerations.

5 Higher dimensions

We conclude with some comments on the dynamics of the SNH system and its resonant
approximation in higher dimensions. Solutions of the SN equations are known to exist at
least for a finite time for initial data whose first (d/2 — 2) spatial derivatives are square-
integrable (more precisely, the Cauchy problem for the SN equation is locally well-posed in
the Sobolev space H*(R?) for s > d/2—2 [55]). For small amplitude solutions in the energy
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subcritical dimensions d < 6, the norm H'(R?) is controlled by the energy and therefore
conservation of energy implies global in time well-posedness in H'(R%). An analogous result
has been proved for the energy subcritical SNH equation [56], however we are not aware
of any global existence result in d > 6. In accord, the dimension d = 6 appears critical
for the resonant system (3.6) as well, which is reflected in the ultraviolet asymptotics
of the interactions coefficients. Namely, for any resonant combination of nonzero indices
(n,j,k,1), we have for A\ — oo

~1/2 if d = 3,

(d—6)/2 ifd>5. (51

Chnajrbn ~ N, where B(d) = {

In the ‘solvable’ case d = 4 there is a logarithmic correction to the power law: Cy, xjakai ~
In A/A. (Our conclusions on the asymptotic behavior of the interaction coefficients follow
from numerical studies, but it should be possible to derive this type of formulas analytically
using the methods of [57-59].) As follows from (5.1), in energy supercritical dimensions
d > 7 the interaction coefficients grow with the mode number which creates hopes for inter-
esting short wavelength behaviors in these dimensions. This matter should be investigated
numerically (and, if possible, analytically), for instance, in search of turbulent behaviors
of the type seen in [7]. We leave this to future work.
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A Explicit form of the interaction coefficients
The integrals defining the interaction coefficients (3.5) can be computed to yield
1 7 k n l
Snjkt = g AndAj Ar Al DD DD A ks,
Pp1=0 p2=0 p3=0 ps=0

X

d d
r (2 +p1 +p2> F'(1+p3+pg)+T <1+2+p1 +p2 +p3 +P4>

5 2l (L+ps+pa, 1+ +p1+po+ps+pas2+ps+ps;—1)
1+ p3+pa

N oF1 (ps +pa, 1+ 4+ +p2+p3+p4;1+§+p3+p4;—1)>] (A1)

%+P3 + P4
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where

B 2n! " ()P n—1+d/2
An = L(n+d/2) Pl ( n—op ) (A.2)

For even d, the hypergeometric functions in (A.1) are expressible in terms of elementary
functions. In four dimensions in particular, this gives

1
Snjkl = . FED( 1) Z Z Z Z @j,p1 Ok, p2 An,ps Alps

\/(n+1)(]+1)( p1 =0 p2=0 p3=0ps=0

(p1 + p2 +p3 + pa)!
X | (p1+p2 + Dl(ps + pa)! — 9p1+p2+p3+pat2

P1+p2 (p+p3+p4)'
+(p1 + p2)! Z W(p—zpl —2py+p3+pa—1)|. (A.3)

p=0

One can verify by an explicit calculation that Sy = 1/2.

B Proof of identity D, = 0

Here we prove, using the properties of Laguerre polynomials, that for d = 4 the quantity
Dy defined in (4.1) vanishes identically if I + k = n + j — 1. We begin by proving the
vanishing of D,,ji; with the (unsymmetrized) coeflicients gnjkl, given in (4.2), substituted
instead of énjkl- By definition,

Duga = / dp / domin(p, 0)e ™" |(n+ DL, ()L (0) L) (o)L (o)
+ G+ DED L@ LY @)L (0) = (k4 VLD (LY (0) L ()L (0)
— (LD L @)L @)L ()] (B.1)

Using the identity nLg)(p) =(n+ )LfllJ)rl( ) — pLS_)l(p), one can write

Dyjr = / dp/ do min(p,o)e "7 [(n+g+k—l— 4L (1)(P)L§~1)(U)L,gl)(a)Lgl)(p)
+ PLg )(a)L]E})(U) (L(Z)l(p)Ll(l)(p) + L(I) L(g) )

n

+ oL@ (@) (L2 L (o) + LV ()L (0) | (B.2)
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Remembering that [ + k = n + j — 1, and applying the identities Lg) = L;") — L51221 and
apLg)(P) = —L(Q)

n_1(p), one can simplify D, further:

Prjkt = /0 “ap /0 " doe 7 min(p,0)(p+ 7 — 3 — p0, — 0895) LY ()L () L) (o) L (p)
- /OOO o / doe"0(p-+ 0~ 3~ p0, — 00, L (p) L (o)L, (0) L ()
+ /0 dp / T doe 7 p(p+ 03— 0, 0895) LY ()L ()L (o) L (p)
p
= - /O N dpd, (pe*PL;U(p)Ll‘”(p)) /0 ’ doe 7oLV (o)L (0)
- /0 e 1O ()L ) /0 " 4ot (aQe*”Lg.l)(a)L,(j)(a))
- /0 " oo, (pPe LD ()L (0) /p " doe 10 ()L (0)

—/0 dpepqu(ll)(p)Ll(l)(p)/ do0y (6700'11‘5-1)(0')[/](61)(0')). (B.3)
p

Then the first term of the last representation may be rewritten with integration by parts

o0 o
/0 apdy (pe= LD () LV () /0 doe=7o L ()L (o)

- /0 ape=2 02 L () LD (0) L (0) LV (), (B.4)

while the second term of this sum can be simply integrated to
e —pr(1) (1) p 2 —o7(1) 1)
dpe? LV () LV (p) [ dod, (a e oL (o)L} (a))
0 0
- /0 ape= 20 L () L () LV () LV (). (B.5)

The third and fourth terms are treated analogously, and the whole sum reduces to zero.
We may repeat these computations for S, and also get zero. These two calculations
imply that Dy, jx;, as defined in (4.1), is identically zero for [+ k =n+j — 1.
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