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We prove that the harmonic map flow from the Euclidean space R? into the sphere S¢

has no equivariant self-similar shrinking solutions in dimensions d > 7.

This note is concerned with the harmonic map flow for maps u from the
Euclidean space R? to the sphere S% This flow, defined as the gradient flow for the
Dirichlet energy,

Ew=| vur, (1)
Rd
obeys the nonlinear heat equation

U= Au-+ |Vu|2u, (2)

where (t, x) € R x R% and wu(t, x) € S < R, This equation is scale invariant: if u(t, x) is
a solution, so is u; (t, x) = w(t/A2, x/1). Under this scaling E(u;,) = A% 2E(u) which means

that d=2 is the critical dimension and higher dimensions are supercritical.
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We consider equivariant maps of the form (where r = |x|)
X .
u(t, x) = (— sinv(t, r), cos v(t, r)) . (3)
r

This symmetry assumption reduces equation (2) to the scalar heat equation

d—1

-1 .
sin(2v). (4)

V=V +
2r2

vy —

A natural question, important for understanding the global behavior of solutions and
formation of singularities, is whether there exist solutions of equation (4) which are
invariant under scaling, that is, v(t/2%,r/L) = v(t, r). Such self-similar solutions come in

two kinds: self-similar expanding solutions (expanders for short) of the form

uam=g<§9, t>0, (5)
and self-similar shrinking solutions (shrinkers for short) of the form
en=1(5). <0 ©)
v(t,r)= , t<O.
V=t

Expanders are easy to construct in any dimension and well understood (see [2, 6]), so
here we will consider only shrinkers. Substituting the ansatz (6) into equation (4) and
using the similarity variable y=r/+/—t, we obtain an ordinary differential equation for
f(y)yony=0

a2y

d—1
y 2

/2 sin(2 f) =0. (7)

It is routine to show that both near the center and near infinity there exist one-parameter

families of local smooth solutions satisfying
f0)=0, f(©O)=a>0, (8)
and

fooy=b, lim y*f(y) = —(d— 1) sin(2b), (9)

where a and b are free parameters. The assumption that a> 0 is made for later
convenience (without loss of generality). The question is: do there exist global smooth
solutions satisfying the conditions (8) and (9)? This question has been answered in affir-
mative for 3 <d <6 by Fan [4]. Using a shooting method, Fan proved that there exists a

countable sequence of pairs (a,, b,) for which the local solutions satisfying (8) and (9) are
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smoothly connected by a globally regular solution f,(y). The positive integer n denotes
the number of intersections of the solution f;(y) with 7/2. More detailed quantitative

properties of the shrinkers were studied in [2].

Remark 1. To justify the conditions (8) and (9), let us recall that singularities of the har-
monic map flow have been divided by Struwe [8] into two types depending on whether
the quantity (—t)|Vu/? remains bounded (type I) or not (type II) as t /' 0 (here we assume,
without loss of generality, that the blowup occurs at time ¢t =0). Calculating this quan-
tity for the equivariant ansatz (3) and (6), one finds that the blowup is of type I if and
only if

d—1
fw?+ - sin” f(y) <C (10)

for some constant C and all y> 0. The condition (10) together with the requirement of
smoothness is equivalent to the conditions (8) and (9). In the case of (8) this is evident.

To see how (9) comes about, let us rewrite equation (7) in the integral form
, d—1 1 4 Vods 54
fw=— vVt Ay), Al =| s e /*sin(2f(s))ds.
0

For f'(y) to be bounded at infinity, it is necessary that lim, ., A(y) =0 and then (9) fol-
lows from 1'Hoépital’s rule. Thus, the conditions (8) and (9) are equivalent to the require-

ment that the blowup mediated by the shrinker (6) is of type I. O

One of the key ingredients of the shooting argument in [4] is that the linearized
perturbations about the equator map f'= /2 are oscillating at infinity. This happens for
d?> — 8d + 8 < 0 which implies the upper bound d= 6 = |4 + 2+/2] (of course, only integer
values of d make sense geometrically). There is numerical evidence that there are no
smooth shrinkers for d > 7; however, to our knowledge, this fact has not been proved.

The aim of this note is to fill this gap by proving the following nonexistence result.

Theorem 1. For d> 7, there exists no smooth solution of equation (7) satisfying the
conditions (8) and (9). d

Proof. The proof is extremely simple. Suppose that f(y) is a global solution satisfying
(8) and define the function h(y) = y° f'(y). Multiplying equation (7) by y* and differenti-

ating, we obtain

VR =a(p)k + B(y)h, (11)
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where
a(y)=iy(y* —2d+10) and B(y)=d—7+(d—1)(1+cos2f). (12)

We assume that d>7, so B(y) >0. It follows from (8) that h(0) =h'(0)=h"(0) =0 and
h”(0)=6a> 0, hence W (y) >0 for small y. We now show that #'(y) cannot go to zero.
Suppose otherwise and let y be the first point at which #'(yp) =0. If d> 7 or f(y) #7/2,
then B(y) > 0 and therefore h'(y) = B(vo)h(w) > 0, contradicting that y exists. If d=7
and f(yp) =m/2, then B(yp) =0 and h’(y) =0, so a bit more work is needed. In this case,
differentiating equation (11) we find that A”(y) =0 and differentiating once more we
obtain h™(y) = 24y, ®h*(y0) > 0, again contradicting the existence of y. Thus, K (y) > 0
for all y. From this, (11) and (12), we obtain

VH' (y) =a(pA (y) + B(Yh(y) >0 for y> +/2d — 10. (13)

Therefore, lim,_. ., h(y) = 0o, contradicting (9). [ |

We conclude with a few remarks.

Remark 2. Equation (7) is the Euler-Lagrange equation for the functional

E(f)= Jw (f/z + % sin® f) yle i dy, (14)

0

which can be interpreted as the Dirichlet energy for maps from R? with the confor-
mally flat metric g= e_% Jflat into S% Thus, shrinkers can be viewed as harmonic maps
from (R%, g) into S Note that £( f) is invariant under the reflection symmetry f — 7 — f
and the equator map f,=/2 is the only fixed point of this symmetry. For this kind of
functional Corlette and Wald conjectured in [3], using Morse theory arguments, that the
number of critical points (counted without multiplicity) with energy below £( f;) is equal
to the Morse index of f; (i.e., the number of negative eigenvalues of the Hessian of £ at
f2). In the case of (14), the Morse index of £, drops from infinity to two at d=4 + 2+/2 and
then from two to one at d=7 (see [1]). Thus, according to the conjecture of Corlette and
Wald, for d> 7, there should be exactly one (modulo the reflection symmetry) critical
point of £(f) (this unique critical point is, of course, f=0), in perfect agreement with
Theorem 1. O

Remark 3. Struwe showed that the type I singularities are asymptotically self-similar

[7], that is their profile is given by a smooth shrinker. Therefore, Theorem 1 implies that
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in dimensions d> 7 all singularities for the equivariant harmonic map flow (4) must be

of type II (see [1] for a recent analysis of such singularities). O

Remark 4. It is well known that there are close parallels between the harmonic map and
Yang-Mills heat flows [5]. For the spherically symmetric magnetic Yang-Mills potential

w(t,r) in d> 3 dimensions, a counterpart of equation (4) reads

d-3 d—2

Wi = Wrpr + Wy — 3
r r

w(w — 1)(w — 2), (15)

and a counterpart of equation (7) for shrinkers w(¢, r) = g(y) is

d-3 d—2
g”+<——z)g’— —9(g—1)(g—2)=0. (16)
v 2 y

The one-parameter families of local smooth solutions of this equation near the origin
and near infinity satisfy
9(0)=4'(0)=0, g"(0)=a>0, (17)
and
g(e)=b, lim y’g/(y) =—2(d = 2)bb— (b - 2). (18)

Using a similar shooting technique as in [4] one can easily show that for 5 <d <9 there
are infinitely many shrinkers g,(y). One novel feature, in comparison with the harmonic

map flow, is that the first shrinker is known explicitly [9]:

7 1 Jd—2
= — =—(6d—-12—-(d+2)vV2d—4), §=-—-—. 19
G = 7 =5 (d+2)v2d—4) 75 (19)

In complete analogy to Theorem 1, we have the following theorem.

Theorem 2. For d> 10, there exists no smooth solution of equation (16) satisfying the
conditions (17) and (18). d

Proof. The same as for Theorem 1. The only change is that now the function h(y) =

V2 g (y) satisfies equation (11) with different coefficients
a(y)=3y(y* —2d+14) and B(y)=d—10+3(d—2)(1 —g)*. (20)

Note that for d= 10 the solution (19) becomes g; =1 (which does not satisfy the regular-
ity condition at the origin (17)), while for d > 10 the parameter y is negative so g;(y) has
a pole at y= (—y/8)'/2. [ ]
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By arguments analogous to the ones given in Remarks 1 and 3, it follows that in

dimensions d > 10 all singularities for the equivariant Yang—Mills flow (15) must be of

type II.

Funding

The research of P.B. was supported in part by the NCN grant NN202 030740.

References

(1]

[2]

(3]

(4]

(5]

(6]

(7]

(8]

(91

Biernat, P. “Non-self-similar blow-up in the heat flow for harmonic maps in higher dimen-
sions.” preprint arXiv: 1404.2209.

Biernat, P. and P. Bizon. “Shrinkers, expanders, and the unique continuation beyond generic
blowup in the heat flow for harmonic maps between spheres.” Nonlinearity 24, no. 8 (2011):
2211-28.

Corlette, K. and R. M. Wald. “Morse theory and infinite families of harmonic maps between
spheres.” Communications in Mathematical Physics 215, no. 3 (2001): 591-608.

Fan, H. “Existence of the self-similar solutions in the heat flow of harmonic maps.” Science
in China. Series A42, no. 2 (1999) 113-32.

Gastel, A. “Singularities of first kind in the harmonic map and Yang-Mills heat flows.” Math-
ematische Zeitschrift 242, no. 1 (2002) 47-62.

Germain, P. and M. Rupflin. “Self-similar expanders of the harmonic map flow.” Annales de
l'Institut Henri Poincare (C) Non Linear Analysis 28, no. 5 (2011): 743-73.

Struwe, M. “On the evolution of harmonic maps in higher dimensions.” Journal of Differential
Geometry 28, no. 3 (1988): 485-502.

Struwe, M. “Geometric Evolution Problems.” Nonlinear PDE in Differential Geometry (Park
City, UT, 1992), 257-339. Providence, RI: American Mathematical Society.

Weinkove, B. “Singularity formation in the Yang-Mills flow.” Calculus of Variations and Par-
tial Differential Equations 19, no. 2 (2004) 211-20.

¥T0Z ‘9T 200100 U0 SIISAU [eUOITRIIARID) |4 IA T /610°S[euIno [pJojxoruw l//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 175
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50286
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG2000
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 175
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50286
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG2000
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 175
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.50286
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


